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THE SUBCONSITUENT ALGEBRA OF A GRAPH, THE THIN
CONDITION, AND THE Q-POLYNOMIAL PROPERTY

0. Preface

This book attempts to prepare the way for an eventual classification of the
graphs that are both thin and Q-polynomial. These graphs are distance-regular
or bi-distance-regular, and since the distance-regular case is somewhat easier to
handle, the focus will be on that case. (It is assumed the bi-distance-regular
case is not too different). In the core of this book, we take a vertex z in a
distance-regular graph, and study the irreducible modules for the subconstituent
algebra T(z) that have endpoint at most 2. (The modules with endpoint at
least 3 seem too complicated to consider, and do not seem to play much of a role
anyway). The thin condition and the Q-polynomial property each affect the
structure of these modules, so these assumptions are first considered separately,
and then jointly. )

1. Introduction

la. The subconstituent algebra T(z) associated with any vertex z in a graph.
1b. Example: The D-dimensional cube and the Lie algebra sli;(C).
lc. The graphs of thin type: definition and characterizations.

2. The structure of a thin T(z)-module W in an arbitrary graph

2a. The constants o;(W), z:(W).

2b. The measure m(W).

2¢. The isomorphism class of W determines and is determined by m(W).

2d. How non-orthogonal thin irreducible 7'(z)-modules and thin, irreducible
T(y)-modules are related.

2e. The matrices R, F,L,and R™!,L-1,

3. Distance-regularity

3a. Distance-regularity with respect to a vertex.

3b. The trivial T(z)-modules.

3c. A graph is distance-regular with respect to each vertex iff the trivial T(z)-
module is thin iff the graph is distance-regular or bi-distance-regular.

4. The structure of a thin irreducible T(z)-module W with endpoint 1 in a
distance-regular graph

4a. The isomorphism class of W is determined by the intersection numbers
and Clo(W).

4b. Span{v{", vy,..., v}} is a thin irreducible T(z)-module iff v}, v are
dependent, for all i.

4c. If my < ki, there exist at least on thin, irreducible T'(z)-module with
endpoint 1.



4d.
4e.

4.
4o

&

Formula for a;(W), z{W), vi(W)

Feasibility conditions arising from the above constants being algebraic in-
tegers

Feasibility conditions arising from lai(W)| < ai+1 (7)

A combinatorial characterization of the distance-regular graphs where every
irreducible T(z)-module with endpoint 1 is thin.

5. Distance-regular graphs where each irreducible T'(z)-module with endpoint
1 is thin

Sa.

Sb.

Formulae for the multiplicities of the isomorphism classes of T(z)-modules
with endpoint 1.

The b;'s are determined by-the ¢;’s and the structure of the 1st subcon-
stituent.

a; =0 implies a; =0(1 <: <D -1).

Distance-regular graphs where the 1st subconstituent is strongly regular:
restrictions on the parameters and possible classification (?)

. Distance-regular graphs where the 1st subconstituent has 4 distinct eigen-

values: restrictions on the parameters (?).

. Distance-regular graphs where the 1st subconstituent has 5 distinct eigen-

values: restrictions on the parameters (?).

5¢. What minimal assumption (weaker than Q) implies Z (?)

6. The structure of a thin, irreducible T(z)-module with endpoint 2 in a
distance-regular graph

6a.

Similar to 4 (?)

7. The dxstance-regula: graphs where each 1rreduc1b1e T(z)-module with end-
point at most 2 is thin

Ta.

7b.
Te.

7d.

The intersection numbers are determined by the structure of the 1st and
2nd subconstituents.

The bipartite case.
Classification of the examples where there are sufficiently few isomorphism

classes of irreducible T'(z)-modules with endpoint 1 or 2. (?)
Classification of the almost-triply-regular graphs.

8. The @-polynomial property

8a.

Graphs that are Q-polynomial with respect to each vertex.(?)

9. Commutative association schemes

9a.
9b.
9c.
9d.

The Bose-Mesner algebra M and the dual Bose-Mesner algebra M*.

The Krein parameters.
The fundamental relations between M, M*.
An algebraic characterization of the Q-polynomial schemes.
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9e. The representations of a commutative association scheme.
9f. A representation-theoretic characterization of the P- and Q-pclynomial
schemes.

10. Quantum Lie algebras

10a. The generators A, A" satisfy two cubic polynomial equations.
10b. How these equations simplify in the thin case.
10c. Complete classification in the thin case.

11. Q-polynomial distance-regular graphs

1la. Formulae for the intersection numbers.

11b. A combinatorial characterization of the @Q-polynomial distance-regular
graphs that involves R, L, F.

1lc. Formulae for the z; constants.

12, Q-polynomial distance-regular graphs, cont.: The structure of an arbitrary
irreducible T(z)-module with endpoint 1

12a. E}TE; is commutative and has essentially one generator

12b. Description of the irreducible T'(z)-modules with endpoint 1.

12c. There are at most 4 mutually non-isomorphic thin, irreducible T(z)-modules
with endpoint 1.

13. The Q-polynomial distance-regular graphs of thin type: The ideal T(z)E}

13a. The constant ¥ = ¢(z,y) is independent of the edge zy.

13b. E;TE; is spanned by the all 1's matrix and 4 generalized adjacency
matrices.

13c. T(z)y = T(y)z if d(z,y) = 1. Complete desciption of this T'(z,y)-module
in terms of ¥ and the intersection numbers.(?)

13d. The z; are constant functions.

13e. Feasibility conditions forced by the integrality and non-negativity of the
Z,(?)

13f. Feasibility conditions forced by the integrality and non-negativity of the
multiplicities of the irreducible T(z)-modules with endpoint 1. (?)

14. The @Q-polynomial distance-regular graphs, cont.: The structure of an
arbitrary irreducible T'(z)-module with endpoint 2

14a. similar to 12(?)
15. The Q-polynomial distance-regular graphs of thin type: the ideal T(z)E;
15a. Similar to 13(7)

16. The classification of the thin @Q-polynomial distance-regular graphs with
diameter at least (?)



17. Bi-distance-regular graphs

17a. If a bipartite graph is thin then so are the halved graphs

b. For any thin T(z)-module W, mw(§) = mw(-9).

17c. mimic the above sections 4-16(?) (I desperately hope that Q-polynomial bi-
distance-regular graphs that are not already distance-regular do not exist)
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Theotrem & L For Gy C‘WZ)Q% arof‘f‘ T =70a,a),
Tha Moo
G — AI(DM)
? e B h
= an  injective or e o , where
gz)x) = @x ge @, anem;zfs(= Q)
Also ,A‘ﬁne’ o G = _vgaui\o_/; on X |
e, & acly mmg'.‘rme\a o X \m‘T)ﬁ
TriviaQ vertex stobilizers
vy Tor iy %myﬁ M=(x E). posR
there axwls o Subgrowe @ S AIT)  Hhoa s
Y lor on X, Pk v X | and leX
A=1ge@Gl] g £ |
Then 1d A, 8&A -~ %"GQ and
A %enercﬁes &
Moveover. , M 0NGE,A)

Proof. (1) Ler 3GG\ .
We wond +o sBond Bl g e Au)
LeT  Vh,hoe X =G Tha-
e (h1, hade B <> hhs € A
<> (gh)ghs) €A
< (gh, gh) &
(3Ch), §R) € E.
Heww % e Aur(r)

Qbsme % — %\ S QA ‘%\mnmm{a&fsm st 8@3 .

/’]\@21 31 2 = 3\'32.

!




:/%\,_ , Thow
g1 = Jile)= Qalle) = G2
Qbserve - & rs lan  on X
g

Clear bé CO’V\S—i—‘r\,LC.Ti’Dh

M) ~ 1¢é¢A ;
Since 0 has mo (oo?s, (%, 1x) ¢ E

86& . S—IGA .
86Q—> (x, %oo}cf:
> E > (4o, §gom) = (%w x )

A Gererates (57!

Suppose LAY & G

Lex >2: %\36«)] 89<A>5 ¢ X
( Y G X, an G acts thulo«la on X . )
Stne [ conraded | there easts ée X

Gnd %GX\Q with \a%eE
Lex g = 3¢ %G<A>
z= Hh e GN<A)

“Then, Cy, %>~(8c»o o) € E
= (¥, g‘ﬁ(x)) =
- gR e<d >
- e lAd

This o cowlraduiction

Therefore FAN %ﬂ.nerad‘es G

UL I i B v T o T o T B O o O



M lec3-H
0ae] Q95 - | - 2]

Lex T"=(X',E') dencte CCa,an).
We shadl sbowo Hhok
6 Y — X
3 — g
s O FSOM?&ASW of %\’U\Ve\s

> 6 s 1-1
o Be € X = G
SR = 60B.) — R=fRae)
— ﬁ2ﬁ1(x)=

— i1 € Shbeta =1,
- ﬁ1=%2
( Stobeoo = 1g5eG 1 goo=x 1)

- O s oo
Since G & TomsiTive

X=1g6l ae G j = oX)=ola)

eC o@\acenoa
V‘Rq/‘%zé ><,=G. .
(ﬁhﬁz)( <> “5\1_ﬁ1 & A

<> (x, BhR00) e E
= (B0, Pan) €E
< (6, 0l) €k

Therefra © & m EML?QVKM,\:@W araﬁa\s
&) Grd P?—(X,E)




v lec 36
J:]Iequs . | - 9..]

How o Cmm?uCTQ the e)\%emm\ues of the Qx,aQeé %rof.k
o an  abelian %rm{)

ler G e Oné Anite  areliom .
Lt @7 be the mul \PhL&Tioﬁ SW o G-y

Der A (lhean) = G- chanader s Qng  Group %momw?ﬁgm’

o, G — QC*,

Bxample G=<a| d=1)> Hfas 3 chaaclers
@o, 4, O
6:(a%) 1 a a* ‘
Oo 1 1 1 (w,___:_i_i_g>
A 1 Lo w? =
(47 1 w? N

Meve W o a Pﬁm’ﬁn‘w cabe vost of 1 L C7,

2
Cle., Hw+w =0 )

For va‘\‘i“me &,

o4 G

Obserne . For YO, 02 € X(G), one an define product

1602
©16:(3) = ©nlg) 8:(9)
Then 6162 ¢ X(Q)

VgeG,

Observe : X(G) with, Thin podudl & an Cabelian) grot

ler  X(GQ) be the set of oll characters

LI ey e e g e sy e e

P-

~”"-A'»uu‘ I-\-iidi friosues o ‘



No.

o lee 327
Datequg' |

L emmA 7 The Qroups & and K@) ave ?somovPB\,\‘c_
Sor all  Hnite abelian

goups G

Pmo£ G & a dired sunme of céc\\‘c %WF.S
whana Ga=<ai] ay =1 (1gigm >
Pfc.\: o.né g\emevﬁ" wa off order dy
(e,

in (I:_x-
o primitive  dy- th vest of 1.)
Define )

*
O. + G — C
138

Q\""O\E\n —_ w\.“" (os&<dy = C<m)
Then 6t e X(&) . ( Exencma).
Claim

i There exists an Bomw?&“sw st 8)’01,»?3

G — X&)
Thot  semds a, — Q¢

Observe

=

a
oL =1 :
er\*8=0‘8‘~-o§“ ¢ &,
01 (g) = (@ccgy)d“

— &w.f.c>dd
= Q)o; c>£c
= 1
Observe e 6% i = (0gg:<d: 1<l Sm).
“thew 2= ¥ = = &m = O,
(PEy 1= ales  en(an)
= i
Since

Wy S a Pvim}r\\‘ve av-th vod of 1,
gL=0 '(:or

s i1 <m.




Qbserve. 4, - -, Om 8enera"fe X(Gt) ; "“
Pick O ¢ X(&) __
Sine Oqc =1, ‘

| = e(afi“) = e(a;)di,
Henww 6(6) = cu-f" for sSome &¢ (os g <d:)
Nows ©= 0 om, -
Since these are both Q,%ua_Q ~+o i
wi ak Al (1s0gm) P

WQV‘Q'COYQ o
G — X (&) Lo
al — e

B Om TSOMG\E%SM- ot Qrovps

T
&
NoTe . Tha CG\I‘Q&'PGHMW\Q above & cleanl é a 8“;—',,\? ‘e\,o—wwwmf)l\i&n r




lectue 4 Wed. Jon 27.1993

THEOREM O Gien a Caé\es Sra{yﬁ M =10G.8).
( View <tondard owodule
VvV = C G ( the Jrovp alaebm ), To

(2 %gq > @%%> = qg“(?% (s3. 5 e C) )

ge& 3e¢G geq
for ahé 6 ¢ X(G) . write
8= 2 6@Hg
€&
Then ?
O </é« , 6;_ > = i &) )“‘[ O = O 8y, 0,¢ X(&)
a 61#@1
In padicdon, 78 | oc X{a) ]
—Porms (=5 basﬂ’: "Phr \/
@) AS = Ae O (e %X(a))
Whans . A o the addacenn,a IR anol
Ao= 2_ 0§)
dea

In pantralon, The  oigin oulumes 01 ™ ore ?»eo:m\g_
{A@ \ B¢ X(C‘\)El

Prost (1)
Claim Tor ¥V Be X(Q):
S= > ec§5 = { S1 « o=t

83eG o ,v( o+1.
(pf) Clear £ O =1
La‘ 8<+1.  Thew 9(’?\)#1 Lor Some ‘?\G G{

S o) =( 2 a@gh) ek

§ec
= 3 e@h) =2 69 ) =2
g¢a 3'c¢a

_Sme O@G)+T, ~ S=0_




—

Cloim. og) = &w3) by Yeex@), Ya9eqg.

Since  8(g>elC = o vost o 1,
&1 = Gtg)é?é—)=4 |

On the other hond , sina © @ a ‘E\momofP‘ewa\,

elgregh) = olt) =1.
Hew  OF) = &(g)

Nouwo
8,,8. 0= 2 019650
€&
Z 6,19 02(3)
2ea
= > esei(g)
e ‘
_ i N I N
0 «’-‘\ 9\92_"‘?1
Sinee l@\’-lX(.G)\ bé lewmma 7 and éUS

are or‘H'LogcmaQ monzero elemedts \/ ‘1’1\06 Layim

e basis o’%\/.

(i) lLex Az’\%b“)%r\l
T}\@f\_

AB = A Z e(g)g)

- e(%)(%%‘+-'+%gr) <Fﬂ(3)={3‘31/'/%3"3>

gea
= g‘ (%ZG 68 (g9:) )

s

>
Z (M o g %x%ﬂ ))

i

haits e
1 £

I 4

e ,,,,,} Pt 8y [t e -
i i . H

0 B B e i L s R N



> (= e(%;)é((gg\-)_‘)%%{)

=1 8&@;
Y‘ —
= > o) 2_ a® )t
=1 hea
A
= Ag- 0

Stna {/@) | 6 ¢ x(a) j forms @ basw
“he eréemm\w:s of‘ C are q:recr;da_
l de ) Bex(@) Y

Example. G=<a |l af=1>
A=1{a a'}
Pok w - primative 6-th  vooT of 1
X@)=16e"| osiss]

(,01
w
8CG) = w. Uofw_'=1 \/
003

PeX(@) | Pa) | Ag=6@)+ 0k /\ .
1 ! 2. W S
o W Wt = 1
a* w* -4
62 W= -1 -2
""" e‘f o —4
o w® 1




o lee 44 ~
Date |QQ S - 214 C
Examsle . D- cube H(D,2) L
XK= {(a, ,apd| aief{t-11. 12D} m

E = {‘xta | =, ge X, |

Ty aifferenl in exac‘l'lé one coordingie

Alse R, 2) & a Caglay gragh. (@A), .

b\)kefe, g
G: GM® Gz®®G\'D g—_

H

Gi= <ailai=1>
A = '{0\1,-’--, QDB'

Home Work. @ The S?edmm. 01 RHMm2) s
(6m6q,~~ . Bp > |
Mo, My, . -, Mp
‘where |
6. = D-2. (osi <D )

He X&)
0 X — (x4
o ov@ =+l 8y =-11]
Ae = D-2v(0)
D
Sine Thee are (yﬂ(e)) Such o

we  have the assedom. L

TR FE e e

/




We wart to compdte the subconstituent algebra fov  HOD, 2
TrsT, we moke a few obseyualions abodk
T=W E) any %mf;‘e\
A= Qo&acenoa ey ix o*% ™
V= stondard omednle / K=C

OY\:}TmV)/ 5)"&?'&5

Fix o base x e X |
Wrte EX = Ec(x),
T= Ty =

= tha alaebro\ 8enercdeo\ bé
A) E;*/ E'l_xz

Der. lex W be any imeducible T-modwde (S V)
‘The endpaink Y=r(W) sdalisfles
Yzmin{il Exw+0 1
The A r d= alwW) satisPies
a=1{x | ECWFol| -1

Lemma 9 With the above nelotion, let W be
Gn irreducible  T-modale . Then

W EFAES ] T 4 gl 0S¢t <de)
J + 0 g =g =1
Gi) AE}‘V\/ < BAW + ij + EW
O<y Ssdoed . (EXW =0 b{ (< ar C>d0@>

(i) ij { FO 4 rsj s orid
= O “k‘l 0Sd<¥‘ or rid <j LA
) EYAEIW#O 4 Viejl=1 (rsijsred)

Proof (1) Pick Ye X with, S ) =Q‘ .

_We st to fid  EFAED G



o lee 426
we QS - 121
(NO’FQ- E\;‘/\ _ i o A v g)+) )
3 g 0 d=Y
¢ % A ¢ A
ELA EJ. Yy = EJA Y
= EZ 2
2eX, 4ze E

= > 2 ¥

2eX, 92€E . Fu Y = v

= 0O .,u\ \'\‘4—3 | > 1 ba 'Mana\e 'me%uc\f\'/

I -j31=1, There exat: 9 'a' e X such That
S yd=3, 30 gl=1 , a4y’ <&
ba C,oﬂmd‘\\/\"\'7 a% [ ,
Hem @ ¢ Comtening é and * +0.
3 {dCX)
W AEfwW = ZE*}AE—v\/
= E——\W Ay EV\/ + CJ*IW

(i) Suﬂyo&z EjW =0 for  some J (rS\SSY-&d)
Then r < bé defirution oF  r.

Set |
\/A\J] = EFf W + Er:k\V\/Jr“—\- E\;V\/

Observe oS Wos W,
Also .

AN S W by Ci)
and 4~ ~ ‘

E¢ W ¢ W SUN Y by constrction
Thaa TW S W
Mmdrc’f(xkéz ML beirfg r‘lirr.eédx.ﬁ{b!.{j

R T

-1

Ay oy !_.,__..;<E.;

I e T . B o T B L N



NO ....... ?.Q..-.S:.f} .............
oate (45> | -1y

Lecure 5 Fei. Jan 29, 1993

M =(X, B): any 8«;?%

A acgaceru% omaTrix
V. Standord medmle / K=C

Frx a base xe€ X, Wreite, EE,X:"—: E?(x)/ T= Tw
Wi irredmcible T~ module with @ndpond

ri=npun { 1| B&W#o0 ]

=1{x] EZW. 20} | —1

diamele y
° Wehae EIW £0 r=y < red
= O O=SiLr or rd <vuv<dix)
Claim rAED ‘ VoA =1 (Lemmaq (v
=3 5 W # 0 ,.( I ¢ \')l m (

(rsd,4 = Y+ A ).

Su?Pose, 3_‘_,\ A E W =0 for some J <r$j< r+d)

Obgerie trold

OS W S W.
Becouar, AW € W Adnis AEJ‘WS EJ-:W+ E.Q'.*V\/
ESW e W Ve

Sxm\wla) Supposa 'E:I\: AE?(W =0 Bov ser= 2
Cr<a=rtad)

s — * —
St W= ESWa--+ EradW 3 o  Fredele.
with 05 W §w




et

Der. [, El, T os abowe
Irreducible “T- modules W, w' ove MP@_‘Q whenevery, —
E FSOMOﬁP‘E\XSm g W — \{\/‘ of vedor SPaces. '
<. Qo= oga L YaeT

i

Yo

fromesy

Rewall thad fhe  Stondard module V §~
— Of't’\noa&\c& direc sume of  \rreducibe TT-modules i

Wi+ Wy + - r

qiven W otn Hde AmT . -
dhe @witiplicty o W (in V)
Lty lw 2wl 5

BS] I¥ needs To mortion e ™

optves o'( Qmwao\ﬁ—m*?
NO\.Q aSSume.
T D-cibe H (D, 2) (Dz14)
View X =1a-ap | acelt-11, \sisD}
E:{Xé | x.geX . L,y oiffer

in QXOCT[a 1 ceordinate . ?;

Fina  T- modles

Observe . H(D.2) s bipoqtite X=x'ox wih
X = {Q,“‘O\D e X ‘ ’T\‘Qé <o Y.

G iy 4N EX o  uso - i

Observe - v 4, 2 € X | |
d(y.z)=1 & 4,z e - xactly L
‘ N coord:moleeg, (ot = D ) :
Heme the ddawdlns D’{, HD2) =D
= d W), Yy e X




M lee5-3
pae 995 1| - 2]
TrEGREM 10 ler 7' = H(D,2) as above.
Fix xeX, ond write EF= Bl T=Two
Ler W be an irreducivie [~ module with ehdpoi»d v,
diometen 4 (osyr=vad=D).
). W  has «a basis We, Wy, -, Wd
(wre Erar W (oei<d))
‘(,o‘rijrx Y‘eSPeCt -to whicB, tha  omalyix YE'ffese\n‘}\'vg A 1
o 4 | T
1 o a- O
2 0o
3
O 2
d- o
\ ‘ a o
’ W) d=D-2r In pashiculan osyr < Dz

i) Ler W' denste an  irvedmcible - module
| with end Po{h'f Y', Then W, W' are nkomorre\i(_.
as - ymedmles ,:,( and cv\‘a A\a{ r=vy’
(v) The m\ﬂ?\n:r/ of the rredueible T-medule
with end Foi»\o\ vy s
KD>~—(D) (4 1sreDy)
Y r-1
and 1 = r=0

| Proct s vertex Tiamsifive <Ca%‘eé %ro{fw )
Hence withoud  legs oF 8eneralrfy,

we mx;»a assame  Thal

%

——
D




o lec. 54
lDa‘equ\S‘ I - 27

NotaTion
Set O =312, -.Dj
by VSQQ Lex

/é:Ql—- ap e X <3L={”1 A el )

Tn ?a/,\%-rwkm,
¢ == X , and
ISl=1 & 3w $)=1 & Se Bl

Der. Vs T 20,
S wwers T & S2T and IS1=1T]+1

N
Observe S , T are owg)mev?f ~
= T covers S ar S s .

o . L
Define ros S ng matrix
)

R= zo Ew A EL.

Obserye PE?\/ NS EL:V (021 D) (ED—);V':O)

Trdeed fr VS <O wth  [Sl=4
~ */\ L % N
Rs = RE{S = BwAS

. _ N ™~
- Z Ew T1 =+ Z Ew T
TSl Scovens Ty TS Tuvers S

N

- T

TSQ T overs S

s

ey

i o

s

e A A i B I B
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DQ'P\Y\Q
L= Z EXAED

b—'O

l OWer| hccs ncTrix !

Qbserve

LEYV ¢ XV

Tndeed  for VS €2

Observe A=L+R.

Tor convenience,

P *
A¥ = 7 (D-20) Bl

\
L=0

laim (¢y LR-RL = A%

(o) A*L — LAY =2L

(© A*R - RA"=-2R
Span (R, L, AT)
‘re?\rQSerﬁa'hom of L a\éebra

' ( In '\:G\v’\'} alay , =

s (e = {xeMﬂz(G){ fe(x) =0 §
IX. Y3 = X{-YX
L~ (26) =l

“Then  these SC\TTSPB the velddons (@) = (o)
L Ghove

X, Ye ala(@),
A%"‘ (\ O )

o -\

{0 O
(O)

(EXV =0)

A(C) )




Brost of Claim

A??\‘éy both sdes Ao g (sc Q)

@ (LR-RL) S = L 2 %)—P(Z. 0

TS_ —(1 T Covers S

T
D-t of tho
N\ A\
—(D-IS + V
VEQ Vl=e 1SAVi=u-1

ve Q Wl=t |SaV]= 4+

(b) <A~*L-LA*>§
= (D=-2(-N) L/S\ — (D-2¢) L/S\

AN\
= 2|3

) (MR- RAHS
A~ LN
= (D-20+0) RS — (D-20)RS

= -2RS

( ana Lé\ € E:, V )

(sins RS € By V)

v S

Y ,mnl”‘

PRy fuonio st R

] Bl 3k o i [ piraid 30 e .
A I B o T e i Lo B s B A B A



Let V\/ \)Q Gw  (rreduct \O\Q T— MOCL&,\.*Q
and, dameter 4.
(o= r=v+d € D)

Qndpoiv\'\" 's

Boof of Y and i)
Pick OFw e ESW.
Claim lRw = (D-2r)uw
(PF)  LRw = (A"+ RL)w (by Claim (a))
= A¥w (Lw € Eyﬁ\/\/-:o)
= (D-2r)w
Define W= £ RYw (osi<d)
O
¢ EmW
pZ (‘Rum = O-Wo 1 ,valid uwith i=-1)
¢ There ‘ch’ = (vt1) W Aie: (o=l <d)
Ruwy = 0 (by definition of d)
C]a%m LNO =0 / (THwe <d wWa=0, %ko\dS%Y;ZQ
Lws = (D-2r=¢+1) wrimy (1gigd)
((P‘?) Bé yramcion o ""/
The wse a=0 i Trivtal  ond
HBa e a=1{ Hlows Love above -claim
ey az?2
. * A
wa\‘) _ _LR| Wi~ _ (A +'R L) wisq (by Claim @)

Cby induaclon by pothesi) ‘

((D-z(r+£~1)) wy_, + (p-zr=(i-0+D)Rw,,

-t) Wi, ’

= LB i ar et Cotos )



= (D-2v-4 +1) Wa-1

(Pf) Lt W' = Spom {uwe,--, W'l
Then w/ s R , L inVariant.
Soe 4w A=R+L invarianl.

|
| .
| Alse X b ES -invanand fov euevuj A,

RHowe W' s a  T-moedelo .

|
} Stnwe W is  irredurcible \[\/\!—:WA
|

As  wis e orﬁwgwa&,
'ﬂf\ea o~ -QAV\D.&/\\B \ndn.f%o\en'trr

Note  hoX oy EDO bé the Ao nilrom J‘ﬁ

A4  and Lenwwna 9 Civ)

Claim d= D-ar

C\_a_‘\m We, -, Wy s o. bas® Lor W

A

Wif'tin

R

o mERR ;
Lo Siey [

R

s i pestviit
e !

e
{ :

%
!

(Pf) 0= (R~ RL- A¥) wq (by @)
= 0 — (D-ar-d+1 ) Rwaq — (D-201a)) ¥d
= —a (D-2r-d+) wyq - (D-2Cr+d)) W
= (—dD+2rd +d%— d~Da2r+2d ) wd
= (a¥+ (3¥-D+1)d +:2r— DD wq
= (a+ 2r =D ) (d+1) vy
Henw A=D-2ar

Therefore.  with ves?ec:t o a bask e W, -, W
/A\= L*‘Q Wy = Wdaw =0
Lws = (d=i+1) wio4.

Rwi= (R+1) Wit
O 4

0 d- O
L = | R=

O 4l oo

— O

N O

VR e g pe ey e e

G ]

Tdp st
u ¥ s




Lectuivre &6 -~ Mon _Feb. 119973
L PY‘OO‘F o‘(:‘ _ﬂ’\w\. 10 Con_h'hueo\ R

vy  Let vr=r'.
base= Hr W with uocc—Ez‘W

We, WwWd a

Né;""/wro\’ o bass for W’ with w’LeE?W'
Then A= D-2r = D-2¢r' =4
Gnd T W — w !

s an Bomor{:%u."sm s T- modles ba Ci)
I rxr' Thewm

4 =D-2r # D-ar' =4,
henw dime W =+ dim W/.

Qv) Ler - W, be the irredmecible - module

b\)\_ﬂ'\ ena ?o\‘w’k ({) . Thoa.
dim ESV = (D
mEV = (D)

= 3 mwdt(Ny)

Henaw we. have "\'\r\a:("

matt ) = (7)= (2.

b 3 Induchion o Y,




Theorem 11

Fiv xe X

Lt
Weit

M= H(D,2). - D21

Q

natye

D
El =z Elco T=TG) and A= D (D-20) Ep

{=o

Ler W be an irreducible _T« tmodule wi’ﬂ-, eno\Po(J Y

(ocr< U2)

Then
(V) W has & bosik
Wo, Wy, g (d=D-2r)
st wi € EQ,-H-V\/ (o0ci<d)

L.\_)i'f‘\w MSPQC.T 4o whtdh T walrix Yer‘eseﬁhy\a A* s

o d N
10 A+l O
2 0
.2
O a-t o !
k 4 O ]
In f[DOw’h(,uLam
@) E:ATEj =0 4 W-jl=i1 (esajeDd)
Proof. We uvse the méatadlior .

Lo, = op—pt (= -Cp,od)

Recall
(@ LL,R1I =A"
by LA*L1=2L
() LAYLR]I=-2R
ond A = l._+ R
Write (@) — () in Terms of A, A*
LA A¥] = [L.A*] + LR A™]

2(R-L)

" '-‘~'1 R [ .

LT
[

g-é‘.&n o\n

etz

1
1



oae [995- | 27
{ R+L = A
R-L = [AA"]/2
Henw
R = A% LA, AY] o
4.
L= —2A= LA, A*]
4
Nowo (), (b) become
AQA*— 2AAYA + A*AQ_4A*=O — )
AEA —2AA Ala A AT —4A =0 )
<VF) By b
2A - AAT =« A =41 = 2 [AS L1
— A% 2A-TAANT _ 2A-TAN] A
2 2
= A= AR L (Camat s %+ AR AR
So ,
AEA - 2ATAAY « AFA - 4aA =0 - ()
Ba )

— 16 A¥= [2a+T0A,A%], 2A -4, A%] ]

= (28% A A) (A LA, A7) —(2A-TAAM)(2A +TA,AD)
= 4~ 2ACA AT LA ATRA - LA AT

— 4K 20 (A A & TAA*J2A + DA AT S
= — AATAT 4 4AATA & 4 AN A— 4ATAT
<o
ATAS 2 AAYA + ATAT - 4AY =0




> lec 674 .
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Claim 1. EoAY E; =0 *‘g =31+ (0s¢j<D) T
(p4) -
0= E. ( fPA* —2 AA™A + AXAT - 4 A" )E ’
= E. A*E (- 206 L84 =+ eJ -4)
<AEQ—9JEJ EiA = (AED) = (0B = 6cEr)
— ELAE: (01— 0i-2)(6:- o +2) N
J J J 5.
= ELA*EJ (D 2U—(.D 7-\)) 2)(() 1b"<D 2)>+2> &
( ®& = D-2%) i
= BELAY Ej a4-(c-j;«)<¢~3—;)
O (@) )
Henwe E¢A*E\j =0 L
I
Now dﬁ'ﬁhe dqu Y‘Ot\‘smg omadr i x " é_
Z B ATE:

R*E‘\/ S EwV (02¢<D, EpnV=0)
De@ine dMO»\ l@werm% malrix

4

Z B AYE
_ﬂwen _
L*ELV € Em V (02D, E,V=0). &
Observe o
A*—('SE‘)A*(DE |
Vise T 3‘2:0 J ) | -
= | X+ R¥ (3) :




Vo lec 620
DatequS' 27
Claim 2 (@) [L¥Y, R"] = A
)  LA,L*) = 21
(© LA, R®] = -2R"
(pt)
D
(b). o (%_ | %A Z(AEHA By~ B ATELA )
Ve D\EL\ e‘;E:
= Z - ATED (8- 0y)
Bp= D-28 . Oui-Bi= 20-200) =2
= o X
() S'm«l\\o/\‘
——— 3 D ]
Ist ARP-RA = ) (ABMATEL - EWATE; A)
A=0
L ¥
= Z ECHA E&(BL -0 )
g = —ox* /
@ 1A, A*1= LA 1+ A, RY]
— QCL*__R‘*) ba (b) ond (). (4‘)
Sina A)t':‘ L%‘*?*, ‘
R* _ 2A*+ LAY A
A‘.
l—% - ZA*‘— LA*/A]
A
Now (@) & seen To be Qg‘*iqu— to
(2)  upon  evoldlon
Thas ProvRs

Claim 2.




e

s
Bt

sl [ LL*R") = l—lé ((zA*— LAY, A;l)(zA;*—v LA*,‘A))*(éAﬁ [A’f.AJ)’(z#‘\"-[flﬂ*,Al)* :
=-1é<%“iz;\*’m AL- TR AL A W éﬁ){{klA A% A)- LRARAS AT
=2ri—( A 2AAA"+AA*)

= A "ba (2). :

Now ap?é Same %mem' as e Oy, ) of Thm 0
and  observe A has D+1 arsTind Q%‘Qh\)‘aﬁu_&é

S D . -’
So A* = Z ('D-QQ) EC 8Eheraj[?5 M—Xt S?W (E:,"» ED)

\
\=0D

Henw Bo, - -, Ev, A¥ %enem‘?e.s T

- Take an irredmeible Temodule  Wooith endpoid” ¥
Cosr = D)
Set U= min (1] E.W +0}
Pick O+ w e ExW.
%e 1

= Loty :
Setwi= S RTTWS e Bgow W
. K .
Then 'R*u)f = (x+1) Win v

. X
Ba (o) we %e‘\' bxa_ indunclronm L—yw:f = (D-2t-(+) Wy,
L‘X wg __L L*'R*Uoz\ — _?_' (A -+ R‘X’L‘X‘) b\),‘?i
N

a

I

((D=204+4-1) W, + (om) (D- 2T - 442) Wi, |
~AD- ,9—2\,1/ ST

=
T
= (D-2t-uv+]) wj:
So Selwlwi -, )~ 2 RY A hvaned
Hemc W= Span (Wi, w*, -, w) '
we, WX wd 0, wi=o  Yi>d by dimbust

s )

i

B R e

ity

4233
-fl‘g’

Pt
i

e
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Thua da=D-2T .
o) (D-20t+d)) Wd = Awg = (R - R7LY o3
= — (D-2t-a+1) R Wi,
= —(D-2t-4d+1>d wa
AT+ (2t -D-l +2)d -(D-2t) =0
So d=D-2C

(A= D+zt Y)(d+1) =0

Def. AY\\‘j af‘Q?e\, M=(X,E )
E¥ = BEFGo . T= T

Pk xe X .

(L) an irreducible T-modwle W s ‘LM«(
Cam BEOW < 1 .

@ T s thin with reged to x|
every Irredmeible  TOO -moduls. TFhin

@ an irvedmcible T-module W ois owel Thin o

dim. BELW = 1 Ve
av) T0 ts dual thun with ves?-e:d' To x| -

e\)e”é inedmeihble  TTx) —mududa B Auel Hon,

Qbserve © H(D,2) & thin, dwsl fun
with vespedt 4o eacke x € X

Withe above nololiore , write D= D).

Gru  ovderin Eo, Es, -, Eg of
primitive .\‘deY\chem"\‘s“ st T i  resiricled J«{
Eo  corr es?ov\ds To the omaximal Q@Qn valus -

DeEF.
(1)




Tix a restricted O?derihg
Gy M s @-Polahomto& with VesPec:(‘ To x ,
Gbove ordev\'na L{ There exsls
A¥= N e T st
(a) Ec‘x\/, s, E‘g\/ are  the maminal Q!SQMSFQ@j
for  A*
(p) EBELA* E; =o By [i-31>1 (oscq<R)

Observe H®.2) = Q-Pdanom,toﬁ with resred’ +
nalure OYdeyiv\a. of- the n\de,n\Po‘f‘e\rn‘s ,
ond Query vevtex . '-

ProaramM STuo\a %rapﬁs Hor are Hun and
@—polanomto& with resped To  each verfex .
(In fedd . o wrt x — el Hun wart x )
Get a sifudshion like HO®,2), '
where T s Sehero&eo\ by AL A%
EXLO«‘:T\" Ay (C) o= Ye?laced lpa a %“Qrd'uwv
Lte a\gebvq

anam

IR

S g

Nk kg

R R R R

LT
Lol
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lecture 7 Wed. Feb 3 993 |
DeF. The Johnson ,8\’,@9%4_ M= J,NJ) (1€DsN-1)
atisties
X=1s | sc 1si=D1 Q=112 ,N])
E= {sT | 8 TeX ISATI=D-1}
23
Example J(2, 4 AN
2
L /\ -
\ /
4
Nete 1

The sémme’rrrc_ 8roup 8r\l octs on 2
Sy € AT(M)  ads verlex ﬁ‘romsx‘ri\)eia o [

Naote 2. JCD.N) S Tsomov‘aﬁt‘c to JON=-D. ND.
] 1]
m=E) r'=(x,E")
DS — S=0\S &X'

This COrves?Ondence Induces Gn \\Somorfe\,im ot %roplﬂ

STelkE © [SATlI=D
© | Q—(SuT)] = N-D-1
& |SaT |=N-D-1
& TT eg!

Hewnte w‘\'ﬁmuﬁ loss T %ehera\d‘7

assume D< N/=2 fovr JCD, N,




We will need the eigenvalues of- JCD.N)

for  certaine  probleme  loter in course .

We wom %ér These Ql‘éen'mlues Som.  oun STuC'«&
of HON,2).

LEMMA 12 The ejéenualuxs £, T.N) (ISDSNA)
are  given bé‘
O¢ = (N-D-LX(D-0) -¢ - (0ostsD)

= (‘f)_(i\-]«)

Proo{: Lex

My = JON) = (X5, Eg)
Fh = HINZ) = (Xn, BEn)

Set x=1t-1 ¢ Xn

Define
= (%, E)

where
>,\<J { 4 e Xn | SHC'X,B)=D> SH  distane mh
E= {32 éXHt 3H(\3,2):25

Observe. “F
Xg — X . where § =Q; Oy Q;:f“ hLiéS

A\ . .
S — S R AN

o~/
maduwes  on Tsomorg&iSm st %mpﬁs 5 — 1.

() STegy & ‘Sr\Tl" D-1
&  Bn(s, 'T)—Z
© 8,7)<E

my ey

sy
T | "




Io\en’h-% S with ((\_‘J ,
Then.  The slandard Moduds. Vg of Iy
be coma Vo= EZfVh
where Vi = fa standard medule of [MH,  and
ED* = ED*(X)

Lex R be -the mxsing et with vesPecj' o X Ly,

let L be the loweviné modrix  with res?ec,+ To »x < [

Recall

P

N\
(RL- DEg)S = T
Té)(s VSaTl =D~

bé 'Proo'F of  Thm 1D (lec5-6 )R

RNence

A = RL-DE;' |y
~
T tha addat_ema (ap e T

To fina Qraenuzdues o% 71’1\\), ,Frc,k amy irveducibl e
Ty - modudle W withe  fhe -Q_vdFoi»d‘ yr<D
Then by Thm 10

Adiome. (W) = N-2r.

Lex
Wo, Wq, -+ - Wy-2r
derote o . bass for W as in Thm 10.
“Then Wp-r € EpW & V
Observe Awpr = RLwpr — DEy wor

= R(N-2r-Drr+1) wors — Dwpy
=((N-D-+r +)(D-1) = D) wp-r
_ (This 0 ombid Ge DT, a3 well)




Hence.
Awpy = ((N=D-r)D-r)~ ¥ ) urpy

Lex Vy = 2. W ( direct sum of Irveducible Tixy-modules )

Then
V3

£J Vn
> =W

W rtW)= D

I

= o dired sum of | dimensional eigenspaes Lor K
The ergemspa e Lor .QXéQ/\AU?LQJ.AL A
(N-D-y)(D-¥v) -1 < (monoh)«wsfadecremn‘»g wrt r,)
Qppears with, ol ti P l"cﬂy‘

(7))

n Hhis aum by Thm (0 Gu) (Lec5-3)

preerin

Y"""ﬂ
LT RN

?l:i':!’\n

| Sxdealt]
H .

iy
oot

'l

;fx'i!??}f

e E gy

B o B o B

i

it

i

st
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Theorem |3 Ané %mg’e» M= E). Fix xeX
Ef= BEfx). T= Tx) D=Dw. K=c
Then we have —dhe Spllowt \‘m{)l?cpffrm\s of e T
TH & C & § €&
(TH) D o o with YeS?ecT + X
() EYTEY & commukifve %2 (osi<D)
(S) E-ix—r E—)‘: 'S S.aomw\e’rrrc, My (osi=2D)
@) Yy z2eX  with 3W.g)= Dx.z)
F g9e AT st gx=X ) Qy=% Q=Y.

( Prosf. )
(s () Fix v (esi=D).
Lox \/ = z W. ( The stomdard %D‘db«.g-l wntlen as a ‘»\

Airect sum of irreducible - modules /
Then EZQV = ’Z E?\/\} ('ﬂ\g dired” sum of 4 climensm'oﬁ)
ESTES  wodules
Sine Al E:V\/ = 1 ,
fovr a,be EFTEY, ab — ba |Efw =0

= erma ab—-ba =0

(c)ys (M) S\)-fyosﬁu Ain E?V\/ = 2
for some imeducible T-moduwle W with some <. (OS‘éD)

Claim EYW = on irreducible EFTEF -modwle
Cpf) Suppose
os U & EXfW
heve Qs o EFTE - modambe.
Then bé tha ‘nYreo\kLc'\L,.'l-T7
To= W.
Se U2EYTEIU = EXFTU = EIW
This o Codfmdaciom




Claim?d. FEodh ireducible S=Ec_x TEE6 muodule U has
Qc\}vv!ensrch Iy, Pa,drw\m ™ = ’ﬂ«-jn wrt, x.
(\7-?) Prc ke

oc+a ¢ ECTE
Sine C & olgebro)\m\\a closed ,
a hes an eigenveclor we U withe
Qa\“ée»«\)a\u .
“Then
(a-01)U = (a-01)S w
= S(o-01)w
= O
Henw
alu = 6Ilvu LHv Yae S .
Tha . each 1 Aimemsional subs‘aa& 0{ U B
an S -module.
We Rowe
Aim L =1

8\3 Clowe 4 & Clain 2, we hawe (TH) .

e B

At d

Wik

i

Y

-

plesisy provs

»::nﬂ

o

il

el L I
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[Pmo‘P of Thw 13

continued 1
()= (Q).
Fix v and F»‘c.k Q, b € ETT E.z(
Sina a, b and ab are S‘amfnefy\"c,
ab = (ab)® = b'a’ = ba
S em EXTEY s Compuidative .
(&)= (S)
Fix 4+ and pick o EITEY.
P g,z eX
We wavt To show That
Agz = Q=zy.

We MO OSS U o
Blx.y) = 20 2) = v,

otherwiss
Oka% = 0\23 = O
BB SuwL stuyy\,\g—\-ro'v\, , There xSl
q¢Q sucty  thet
ey =2, gerTy  gw=x
Ler % dencte the permaddelon  maltrix
YQPYQSQM‘HV\é 3. he.,
59 = g VageX %:(ae:
I geAal tha
%A = A% (Beraw)
Alse  we haw
JEY = B/ 3§ Cosj= D),
Smce
3 9) =

2(go, 3iy)
SO, gy ),




v bee ®-2 .
e 995 1 - 2%

Hence /Cg Commutes with. each  elemedt of T 'z
We_ hQUQ ___

~- (&7, 5 A 1 oy
ogz = (§03)ye (842 = i ' 3=y

A~} N \ ;
= 2 (3 Jyy Qe 3an <se
y,2'
(200 oaffo gy Y g =2 ) ;

= Qguge)

= Qzy 2

This  proves Thm 13,

Find  all the %myexs thod sdfr-sp& the conditrom
(&) Hor every vertex X,

(HN2) s one  examgple .

L
i

AT Do ¥ Sq x=G- 1)

Petxy = { 81 lIsi=n» ) )
’ProPeﬁa &) = Q\QO.TLA& reldled “o  distance-TromsTir  property Y
Der. An\a %rof% N=0M&E) with Q SAFT i

7

T scud 4o be distance - TromsifioR

Cor Tw-?c\rd“ homoae»vxeous ) whenevern Lov |
7 x ;X! g - ‘a’ e X with 2y) = S(X',a') -
_ﬂ\ere exi3ls %GG\ ¢. 7
3o =3y  g=I=y

( This omeons G‘[ 2 as close o be%v\é aoub]é Tromsitive

as posible . 9



Date[qqg . \ 28

LeMMa |4

SU-PS?DS,O_ Qa %m,(ﬁ\, = E) SQ—t_\‘S‘Qn‘QS

tha Pro\)%r“;* (&)=(Gw) Lor Queva xe X | Tho
) QH’L\QA/

o) T & vesdex Tromsifve 5 or
do) M o bigastite (X=X"0X) wih

D) \,\

PYOO‘F oy
C!c\im
PO\T)’\

same

(pfD

\7<+‘ \)(_ eo.c.\'\, orn OYEHP o‘p AJ(T‘)
(la) holds, Then | = dstoma- Tansifiog,

)

S\AJ?PO-'-‘»"- o ze X are.  conneclied ba o
of euen lena‘ﬂ\,\ Then 4, 2 are in the
orbiT  of  AI(F)

It suffices s assumae  Thed Tha ?GCH\ has

Nowo
‘hr\ere

SlYy. W) = Alw,2)=1 So
ex3ls g€ Aw () such  thed

gu-w . gg=r  gE=y

Thais

)eroue_s Cladm

. ~xe X,

Nm,a S\J.ﬂm:.\_. " s nst vertex Fromsitive , ard
we shatll sPosr b))

Observe

><=:X+k) X—, whorna .

X =1 g€ X | Fpath of euenlengr% connedling X andés.

X =

Also

N ow
So

Alse

{ &C—X l a’?o?t'\l\ of odd lehjﬁq conm(ﬁhé X ad Y ]
X+ 'S coviteuned i an orbit Odr of A\;r(f“)

X is cowlouned in om otbd O of Aa(P)

O'n Oﬂ’;‘iﬁ Colse O'=0=X od yertex TromsTie)
X'=0ov , X' =07

_ X+Ux_ =X 'S Qbi)?o/\‘l\ﬁrojh \9\04 qu&‘hudfrﬁh,




Wy Frx x.y, gt with D) =x,y")
B ) ventex  Trowmsit ity
There exiEls om <lemendt
%166 st Sp(:%'.

Obseve  20x, 4') = 3(x, 3 )
= 9(gu%, By ) =30, 3y)

Hemw, There exsts an 2lewme X
%166 Nug

gax'=x'  Gy'=93 . 23:89=y.
bé (ax)) F)'Dped"/,

SG‘* %‘ag;%\. The

r=x" gy=1y¢

I

The %\lowing %@%3 N=(X,E) ave vertex Tromsihve
ond Sa(f?&(za_ the ?vo?av“l‘y (G\(%)) "GDY VXGX.

Jm N) . HDy), Jg (D, N)

uw

R, r)
X = -LQ,“»QD l a,e | (<D )
Foooany set of Grdinality T
E = Yxxa | oy eX, ~

X g affer in exocﬂa one coordinale }

Pt e
e -

e

-

e .‘-.,\1 Rasedsy e I
o 1 t “ \

..
g
i

il

B

T s



M lee 8-5
pae 1945 | - 2&

.Q%(D: N .

X = dhe act st oWl D- dimensionad Subs‘:qc.es oF
N -dimensioned  vector Space / G\T—(%.).
E = {Xé\\xl‘éex, O\iw\(Xng)=D-13

The —Fo\lommé M s meQV\(_:_e-‘\’mnsm‘ve buxr does v+
Sc\T\sP—é (GQey) Hor ary x e &G

H%CD/N>'
K = the ach of ol DN mdlrices with edfvies in GHY)
Ezixglx,ééx, mmlcCX—g):1'7

J:\_CD.AL) G: Sr wr. SD Gx = Spy Wr SD
Y‘-i\jéﬂ\ x&#\aj \’eZ=1je_€L|x5¢3J‘7
(“63‘ \AJL b < ('%2‘"‘352\'.)

NI D @ = S\ Gy = Spx Sn-p
XY « Xn Z
Q-X)AY <« (-X)nZ

Je (D, N
Y «— XnZ




The -Pneora sf a Sina\ca i ivedmcible  T- vaedule

M= . EB) Omé %\'@F‘&

M = Bose - Mesner a\%ebm / k=0C
%enem*eo\ ba ~the oosocevxca Mty A
~ “Sgom (Eor- -, Eq)

M oacls  on the Stamdard wmedale - V= QIN
Fx xeX

D=D&x) 3 X - drameter

R=Row = th \m\emxé QJG X.

g

et i
B el N :
. e : H

""".‘"111 [T Niarrieey
i i t -

gy e

K]
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letye Q@ 0 Mon Fen 8 1993

Ler T=(X,E) te any 8»'0..‘»39\
M Bose- Mesner aléebrq cven K= C
%eheyc\"fed '05 Tha adiacehf& e A
M = SPamCEo,E-\,~ S Er)D
M ads o dhe stndardk  modwle Vo= QDUA

Tix x e X,
D=Dw) X - dram&ten
PR .
R= BGo» - \Jnle/noé_ O’:{. d

Der. Pk xeX Write Ef=El00, T=Tw)
ler W be an iveducible thin T medus
with  edpoud v, diameler .
Lot a,=alw) ¢ C SaTrs-Ezajv%_

= A E*; l X = . og ¢ <
Y‘fm‘ IA\ re E::LW Q. 1‘]@\:\)\} | ( d )
Lex %l = % (W) € & SOdw‘sPamc«
* g
S x N . i
E\q.q‘,.lA EF\'»\', /AT EH-L-! ‘ E:,t,] \f\} - 7(‘,,1 E;‘:‘q\l\/ (ieg gl )

Lemua 15 With  Qbove ostaliort ,  -the ’pol(muofné Lolat.
) a~ € R (oss<a) '
&Y xe e R’? (1= s4d)

W Pk  0Fwy,e BAW . ST wi= Erj{ An:wo v,
Tthen
Qua) W, , Wy, - -, Wa B o bass G W , W= Wy =0
(W b) Awy = War + Ay, + X3 Wy, (oLt <d
V) Pefina T RCx] b : “"“@1
Po=1, APr= Piri t QP+ xCPr- (Pisd) RO
wa) /F,;(Ajwq = Wi lesisd+1 )

Gb) pan ot oinieed polpmaaQ of Ay



oae 905 2 - 6

ml. 1.'!‘\

,:nl}

M G Q. s Qare e\‘éemmhm_ s a el %mm&g
. =7 ‘
(‘moj_'(& =t A TrtA . —

(‘\\) gV 3 Qe QESQH\E&A,\Q o—% ao J\Q-&Q rQAa_jrnw\QTer_[ /MC\T‘AX

BB whew
B=Fn =N ;
Hem e . x. € R, s
Sine. BB = positive Smidelindz T
L= 0. : . —

(o§ 18 BBv=ogv For S oecR. veR -0y ;
02 By IP= BBy = o Fu = gliot®  mitso e

So g0 ) ;

M oreoven . =

AF=O ba Lemma 9 (iv).

(W) Observe. . :
Cwa = E:{AE::-i [N Clse=ad -

So weEo - (osrsd ) b& Lemma 9 (iv) !_
Hence 3

W = Span (we, - -~ 094 ) by Lev_hmaq Chi). Z_

(i) We Rowe -hal 5

- * * . * .

— . > X * * *
= W4 * EaiAEmiwa + Bt A B A Brag Wiy

= Wiy *+ Qpwy S R Wy

.

<\\\JC\) Q\ecv\ “QY‘ ,\‘,=OA' As,swv»k OK ‘QW’ O)“')'l:-

PinAlwo = (A= 03T) wi = Haodan) == L) iay




Dale\qq5~ 2 - 6

/{Do\—r\ (A)wo = O
Moreoven /PC\N(AJ\/\/ =0

r Ywe W, write
a a
W= 2wl = D g P AW
A=0 ';4=O
= {JLADu\)o
Hem

/Pd\-\-\\A)W = Qd\—n(?&\) ’P(TA\>‘~D°
= f(A) /Pd.-ﬂ(Aon
Pdﬂ = T Mindimal €0L6W5¥Q
Su«?om. %_(A_) W =0

Some. o€ C

Song pe CDh1

For o O+ g e TOHI dsg ¢ < 98 Pary = d+1.

_n‘\ew
A .
=0
We  fowe

4
0= FAIWo = 2> L P(A)Wo

4
= . w';
Z P
Hena o= = Pdto bé th ),
Thao %=O 5

aC ot rael dACT oM




COR (&6 Lex \_‘; W/ R A | be aa abg\)e 3 ?—
) W s o Haive . (ie., :
dm BOW = 1 oz s R )

W 4= 1Ls] Bew F0 1| -1
Prost ) Set  aa in lemma lS i
wo =0 (A)w, € E:;W

Thew We, W4,- -, Wd = o basﬁ "Qr W . o
?’:f.
V\/ = Mudo SO

Thas.
dim. E;v\/‘ = { 1 ~ Eiwo =#*0
o | E<wo =0
IV\ Po—*r-wlcux.,
diwm B W < 4 ¥
i‘
WYy Trmedwee L on &
dim W = d+ 1. | SR
Note . T, W, ov,s e as above. -

EW = Spomivh  W=Tyv
By diy Gnd  lemmal5, = W = My = Spon 0,7, e
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LEMMA [T Given.  an irreducible Thire Too-modnle. W with
endpoinl r= vr(W) | damido~ d= d40W)
Write Ty, = AL(W) (vsi g4d)
Wy = pLlA) e (ogegd) O+wse EfW
¢ EanW
Thow
2
Dwal® =y, %xa (lsd<d)
I\ wo“z
Prsof I suffiea 4o sty tat
T = w1 (1< isa)
Rewll by Llemma IS Gib)  That
/lrwd’:uodﬂ —vq\_:)u.)o‘ “ XJ-LJJ,‘ (ogy sat)
(Woy = Wae) = O)
Me’L_Q sbsonve
<“v‘),\‘,-\, AUO,;,> = <Wa—\/ Wagat G + XL Wan >

—_— 2

= Xy H W 1
2

= %o L Wi ll

ba Lemma 1S Q1)
Axlso

<w&—1, AWA‘,>= <Aw;~,, W;> (sinw Rt<A>

= {0 Qe Wio+ Kol Wiz, Wl D

2
= || wul|




Ja(eIQQS. 2 6

Der ler W  be an iredmcible  Hhin TG - moduds
with e pondr v E¥ = Bl
The measwe m=muw ™ the  fundone
m: R — R
Such  HeX . N
“égu_q . whee  O0Fwe EfFW

w2

m®) = k{ =B =~ o~ Q,BW,\LE;QN\Q JANE o

° 00 s el an eigpecba B D

Wi
s

y--'.a;r?

s

La ol S B T e T Bl

=

rs
1



Dxte\qqs . 2 8’
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\:x‘x x e X.
Ef = EZ°Q><) . T= T(x) SubconstiTuent™ a(gebm\ /C
\/ - q:b(\ :

Standard  Mmoculle .

Leuma 1R With above nélation.  ler W denste

& m reducible TOO- medule wr#l') edeo\‘»Ct Y
ANomeler .

leX Q= Qi(W ) (osisd)
X = x (W) Qs ¢=sq)
Po = pr (W) (620 gd+1)
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D) ’Pe,'" > o are @rﬂ'\an»an \U"d'\ VesPed“ to ™, e,
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Lemma. Q. With  above  nstatiore X
W be o i irreducible T - medalo.  with,
measure, m

Then o A onmines

Ao~ aw),

a: = aiw ) (osi=gd)

xo = XoWW) (lsc gd)

pr= piW) (o< < dt)

Proof . dtl = # of 6eR  st. MO LO
Hene o Aeternune g A .
A?Pla P Ca) ) ef Lemme, \8_
2. me) =1 Po =1
e R
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D pey mee)= X,
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D Pald) am(®)=XiXa X~ X4
Se® w = Pay=000) Pa - Xa e
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W)= )
Prek 0% Woe EFfW 0¢m0’é Erywl,
Sex Wy =PUA W, € E:&W ( ose<d ) pe {rom lomng IS
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Ser | \
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oeA
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T=(X,E) - conneced %m,f,k
S0t omanimal  eipavalua of
o Corresfono\iv\é Q,Céﬂ/w vecloy
S =2 Sgg (wloG 836@0 for Yyex)

gex

LEMMA2Y. Tx xeX . Wik T=T6o, Ere ES

=

) T8 =Tx = on rreducible  TT- wmedude.

() Given Om\a irreducide  T-modude. W The 'Po{[owiyé are QBM\KKQJ :
(L) W= Ts
(Whb) The diameter &(W) = A (x)
(« o) The encl?cn"rd’ r(W) =0

Preor. (1) Observe F irreducible Tomodule W Hhat confaing S
Stardard  omedunle. V= 2ZW, Cdiract sum of irreduciblc Tomodluky)
Span S = BV = 2 EoW. .

S EoWai+0 Hr same

\
" -

Then S € EoWi C W,
Observe = T8 & an irreducitle  -module :

> €W & irreducible T-modula

TS < W . Sine W =  irredmcible Ts =W.

I

Obsewve: 8= T1%:
S =8"Fas e TS5 So TR CTS
Sthaa, T8 s irredumcible Tx = T8,
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Then The follgws one %u&\)ﬁlenx -
Wy Rt I e R st
Se - [ 4 =ex
oA N xe X
Gy =& IR e Aﬁ" st
valeney ko) = {ﬁt d wce X"_
+* d xeX
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xeX 4ex”
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LEMMA 23 Tor Gna Conrneclad a":f‘g\ P:(X, E)J

The ‘Pbllow\‘% ars. .%u«‘\m&e»\i
> The trived  Tix) - mocduls, i Hun  Hor Uxe X

oY) } Zex g \ 0O< < dix j
(,x,xé)a{
S a basitm Lr The Triviad T(x) maednls. v VZL‘X )

G T 3 drtante-rosulen wrt- x for Vxe X
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A Z
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= Yo %,
23 E? T? = (gt 224 2%3>
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Proor o lLemma 23

() =)
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gex
e?é}?wx\)n&u& So -
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Next, we sbumd more 3 Trua Lt CHY=Gw) hold in
lemma23 .
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{ independent” of o ,\_( s /\98\»\%
Constont over X, X A T n binsglan
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Lemma 25 M= O0B) - omy groph
Pk an edge. XYy e E.

Assume the Triviad T -medile To0S & Hur
with e sur@ "M x..
and Fhe Trivial T(a%mozbu&q s s Hun

wrﬂx measure. ™ 4

Them
(va)  mxB) — M4 (8) Yoe R340
kx < \)a\\enca of x %2
(Lb) mMxC0) =1 __ My Co) = i
fx 2y |
( S = 3%)( Sa% ' e?mvcéfov covvfsz})ond,n,é fo tle morsinal e;a-,o/«t)aﬁuﬂ/
Proof.
APP[B‘ Thwy 24
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Cl N 2g ’ o - N
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% e (Y3 Ag e TS
S how A N
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2e X drekE

\

o Ea/_\% ¢ Eft\é) \/
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THE@REM 26 g\.\,?a?os_pv Q\ma %r‘a(;‘e\, r‘:— CX, ‘E)
s dstance —(\Q%bxlam wrt X YxeXx

( SQ \ 3 /%u\od\ or by - /\,Q.a/ula,\, b LQW\W\Q\ 23 >
\ 3 .
%\/

G T nag. tha Adamgten dx) and Tha
intensectren  muuumlens Qix), botx). Celx)
(020 <doo)  are  indapendand ot\xeX.
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Ca__@T“:b;%: (X =X'u X))
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e constondt over X', X7
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