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1. Let P, QQ, R be statements. Complete the following truth table. (5 pts)
PlQ|R|P = @ vV | A ~ Q = R
T\|\T|T
T|T|F
T|F | T
T |F|F
F|T|T
F|T|F
F|F|T
F|F|F
2. Prove or disprove the following statement. (5 pts)

Vee R, dye Ryay+x+y=0.

3. Let z € Z. Use a lemma to prove that if 7 + 4 is even, then 3z — 11 is odd. (10 pts)

Lemma.

1. 2. 3. 4. D. 6. 7. 8. Total
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4. Let n be a positive integer. For a,b € Z, we write a =b (mod n), whenever there is an
integer ¢ such that b — a = cn. In the following you may use the fact that if ged(a, b) = 1,
then there exist x,y € Z such that ax + by = 1.

(a) For a,b,c,d € Z, show the following. (10 pts)

Ifa=b (modn)andc=d (modn), then ac =bd (mod n).

(b) Let a,b,c € Z. Suppose ged(a,n) = 1. Show the following. (5 pts)

If ab=ac (mod n), then b=c¢ (mod n).

(c) Give a counter example of the previous problem when d = ged(a,n) > 1. (Do not fix
n.) (5 pts)



ID#: Name:

5. Let f:A—B,g:B—-Candh=gof:A— C(zx— g(f(z))) be functions. Show the
following.

(a) If both f and g are one-to-one, then so is h. (5 pts)
(b) If h is onto, then so is g. (5 pts)
(c) If h is bijective, then f is one-to-one and g is onto. (5 pts)

(d) Show that the converse of the previous problem does not hold by giving a counter
example. (5 pts)



ID#: Name:
6. For a,b € Rwitha <b,let (a,b) ={r € R:a <z <b},and [a,b] ={r € R:a <z <b}.

(a) State the definition of |A| = |B| for sets A, B, and show that |[0,1]| =[3,2]]. (10
pts)

(b) State the definition of |A| < |B] for sets A, B, and show that |(0,1)| < |[0,1]]. (10
pts)

(c) Show [(0,1)] = 1[0, 1]]. (5 pts)
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7. Find a positive integer m such that for each integer n > m, there are nonnegative integer
x and y such that n = 5z + 8y. Use the Strong Principle of Mathematical Induction to
prove this. (10 pts)

8. Find the smallest m satisfying the previous problem. (5 pts)

Please write your comments:
(1) About this course, especially suggestions for improvements.
(2) Topics in Mathematics or in other subjects you want to pursuit.
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1. Let P, @, R be statements. Complete the following truth table. (5 pts)
PlQIR[P = @ v | (P A ~ Q = R]

T|T|T T T F F T

T|T|F T T F F T

T|F|T T T T T T

T|F | F F F T T F

F|T|T T T F F T

F|T|F T T F F T

F|F|T T T F T T

F|F | F T F F T T

These are logically equivalent.

2. Prove or disprove the following statement. (5 pts)

VeeR,ye Ryxzy+xz+y=0.

B&. Not true. The negation “Jz € R,Vy € R,zy+x +y # 0.7 is true. Set x = —1, then
xy + x + y becomes x = —1, which cannot be zero. [ |

3. Let z € Z. Use a lemma to prove that if 7x + 4 is even, then 3z — 11 is odd. (10 pts)

Lemma. If 7z + 4 is even for x € Z, then z is even.

Proof of Lemma. We prove the contrapositive. Suppose x is odd and let z = 2m + 1 for
some m € Z. Then
Te+4=72m+1)+4=2(Tm+5) + 1.

Since Tm + 5 € Z, Tx + 4 is odd. Thus the lemma is proved. [ |
By Lemma if 7x 44 is even for x € Z, then x is even. So let = 2n for some n € Z. Then
3r—11=3(2n) — 11 =2(3n — 6) + 1.

Since 3n — 6 € Z, 3x — 11 is odd. [ |

4. Let n be a positive integer. For a,b € Z, we write a = b (mod n), whenever there is an
integer ¢ such that b — a = en. In the following you may use the fact that if ged(a,b) = 1,
then there exist x,y € Z such that ax + by = 1.

(a) For a,b,c,d € Z, show the following. (10 pts)
Ifa=b (modn)and c=d (modn), then ac=bd (mod n).
f#. By assumption, b —a = sn and d — ¢ = tn for some s,t € Z. Hence
bd — ac = bd — ad + ad — ac = (b — a)d + a(d — ¢) = snd + atn = n(sd + at).

Since sd + at € Z, n | bd — ac and ac = bd (mod n). [ ]



(b)

Let a,b,c € Z. Suppose ged(a,n) = 1. Show the following. (5 pts)

If ab=ac (mod n), then b=c (mod n).

f&. Since ged(a,n) = 1, there exist s,t € Z such that as +nt = 1. Since n | 1 — as,
as =1 (modn). Thus by (a), asb = b (mod n), and asc = ¢ (mod n). By
assumption ab = ac (mod n). Hence by (a), abs = acs (mod n). Thus

b=asb=asc=c (modn).

Therefore b= ¢ (mod n). ]

Give a counter example of the previous problem when d = ged(a,n) > 1. (Do not fix
n.) (5 pts)

B8. Let a=dsand n=dtfor somes,t € Z. Let b=t and ¢ = 0. Since 0 < |t| < n,
t#0 (mod n), while
at = dst = sn = 0 = al.

This gives a counter example. [ |

5. Let f:A—B,g:B—-Candh=gof:A— C(x— g(f(z))) be functions. Show the
following.

(a)

If both f and g are one-to-one, then so is h. (5 pts)

f&. TFor a,a’ € A, suppose h(a) = h(a’). Then g(f(a)) = h(a) = h(a') = g(f(a)).
Since g is one-to-one, f(a) = f(a'). Moreover, since f is one-to-one, a = a/. Thus h
is one-to-one as h(a) = h(a') implies a = a'. ]

If h is onto, then so is g. (5 pts)

f8. Let ¢ € C. Since h is onto, there exists a € A such that h(a) = c. Let
b= f(a) € B. Then g(b) = g(f(a)) = h(a) = c. Therefore g is onto as for ¢ € C
there exists b € B such that g(b) = c. ]

If h is bijective, then f is one-to-one and g is onto. (5 pts)

#&. Suppose h is bijective. Then h is onto and so g is onto by (b). It remains to
show that f is one-to-one. For a,a’ € A assume that f(a) = f(a’). Then

h(a) = g(f(a)) = g(f(a')) = h(d).

Since h is bijective, a = a’. Therefor f is one-to-one as f(a) = f(a') implies a = d’. ®

Show that the converse of the previous problem does not hold by giving a counter
example. (5 pts)

f#. It suffices to give an example that f is one-to-one, g is onto, and h = g o f is
bijective. Let A = {1}, B = C = {a,b}, f(1) = a and g = ip, the identity function.
Then h =go f: A— C and h(l) = a. Clearly h is not onto as there is not element
x in A suth that h(z) = b. ]



6. For a,b € Rwitha <b,let (a,b) ={r € R:a <z <b},and [a,b] = {z € R:a < x <b}.

(a) State the definition of |A| = |B| for sets A, B, and show that |[0,1]| = (3, 2]]. (10
pts)

f#. Definition. For sets A, B, |A| = |B| whenever A = B = () or there is a
bijection from A to B.

Let f:[0,1] — [£,2] (z — %(z+1)). Since f'(z ) = % > 0, f is continuous and
increasing. Thus f is one-to-one. Since f(0) = f(l) = %, f is onto by

)
Intermediate Value Theorem. Thus [[0, 1]| = [[3, %H ]

(b) State the definition of |A| < |B| for sets A, B, and show that |(0,1)] < |[0,1]|. (10
pts)

Definition. For sets A, B, |A| < |B|if A = () or there is a one-to-one function from
A to B.

Let g : (0,1) — [0,1] (z — z). Then g is clearly one-to-one. Thus |(0,1)| < |[0,1]|]. m

(c) Show [(0,1) = [0, 1]]. (5 pts)
. Let h:[0,1] — (0,1) (z — 3(z +1)). Then by (a), h is one-to-one. Therefore
I[0,1]] <0,1]. By (b), [(0,1)] < |[0,1]|. Therefor by Schroder-Bernstein’s Theorem,
(0, 1) = [[0, 1]} u

7. Find a positive integer m such that for each integer n > m, there are nonnegative integer
x and y such that n = 5z + 8y. Use the Strong Principle of Mathematical Induction to
prove this. (10 pts)

f#. Letm =28 Then28=5-44+8-1,29=5-14+8-3,30=5-6+8-0,31=5-3+8-2,
and 32 =5-0+8-4. Let n > 33. Then n—5 > 28. Therefore by induction hypothesis there
exist non-negative integers x and y such that n —5 = 5x+ 8y. Therefore n = 5(x+1) + 8y,
and the assertion holds. ]

8. Find the smallest m satisfying the previous problem. (5 pts)

f#. It suffices to show that there are no non-negative integer =,y € Z such that 27 =
5z + 8y. Suppose there are such non-negative integers. Then 0 < y < 3. For each value of
y, bx = 27 — 8y is not a multiple of 5. A contradiction. [ |
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