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Final Exam (10:40 a.m. — 0:40 p.m. Thurs. Nov. 21, 2002)

IDOO0O0O0O0DO000000O0000ODO00O00O0O0O000O0O0OO0OnOOO (Write both of your ID
number and name on each of the answer sheets. Do not forget to write the problem number as well.)

1. A,B,z, by 000000000000 Az=b,By=00000000000000000 OO
000000000 xOOOOOOOOOO O (Consider equations Az = b and By = 0, where A,
B, b, x, and y are as given below. True or false? Write () for true and X for false in your answer

sheet.) (4pts x 5 = 20pts)
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(a) Ae = b 00000000000OmMm =n0000(If Az = b has exactly one solution, then
m=n.)

(by m>n+1000 By=000000 y=00000000(If m > n+ 1, then the only
solution to By =0is y = 0.)

(¢ m<n+1000 By=000O0O0O00O0DO0OO0OO0OO0OO0O0OOUOOOO0O0O0OMm<n+1,
then By = 0 has a non trivial solution, i.e., a solution such that at least one entry of y is not
7€ero.)

(d) By=0000O0O0O0O0OOO0OO0O0O Az=b000000(If By = 0 has a non trivial solution,
then Az = b has at least one solution.)

() Az =b0 00000 By=00000O0O0OOO0O0OO(If Az = b has at least one solution,
then By = 0 has a non trivial solution.)

2.0 00000000000000000O0OOO0O0O0O0O0OO0OO0DO (Consider a system of

linear equations whose augmented matrix is C'.) (10ptsx4=40pts)
106 0 0 3 7 106 00 3 7
C— 012 -3 0 1 3 a— 01 200 -2 0
10 2 4 -6 2 4 2 ’ 100010 -1 -1
o 00 1 0 -1 -1 o0 0 o01 1 =2

000000 4000000000000 000 (Let P(i5¢), P(4,7), and P(i,j;c) be elementary
matrices of size 4 defined below.)

P(’L,C) = I—|— (C— 1)Ei,i7 P(’L,j) =1 Ei,i — Ej,j +Ei,j +Ej,i7 (’L,j,C) = I—|— CEi,j.

() COO0O0OOUODOODOOOOOOO0OOO GOOO0OGUOUUOOODDOOOOOOOOODOOOO
0 O O(We obtained the reduced echelon form G after we applied a sequence of elementary row
operations to the matrix C'. Describe each step of a sequence of elementary row operations.)

(b) DOOOOOOOO (Find all solutions of the system of linear equations.)

(¢) 4000000 PO G=PCOO0O0O000O0OOO0DOOOOOO (Find an invertible matrix P
of size 4 such that G = PC and express P as a product of elementary matrices.)

(d) 00000 POOOOOOOODOOOOOODOOO(Show that there is only one P satisfying
the previous problem.)
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3. 000000000o0o0O0oO0Q00O0OU0O0n z,y,2,1 000000000 OCO (Let @,y,2,1 be

distinct real numbers, and let U be a matrix defined below.) (40pts)
1 1 1 1
1 z 22 28
e
1z 22 22

(a) det(U) =d(z,y,2) =(z—1)(y—1D)(z—1)(y—2)(»—=)(—y) 00000000 O (Show that
det(U) = d(z,y,2) = (x = )(y = D(z = 1)(y — 2)(z — 2)(z — 9).) (10pts)
(b) det(U) 00 400000000000 O00OO0O00OODOOOUOOOOOOOOOUOO (Find the
cofactor expansion of det(U) along the fourth row. Don’t evaluate the determinants appeared

in the expansion.) (5pts)
(c)x=2,y=3,2=400000 det((-U)U") 00D 000O0O (Find the value of det((—U)U?)
when z =2,y =3, 2=4.) (5pts)

(dr=2y=3,2=400000 U 'O (4,1) 000000000000 DO0O0O0OO0OOO
(Let x =2,y =3, 2 = 4. Find (4,1) entry of U~!. Your solution may involve determinants.)
(10pts)

(&) g(t) = ap+art+ast>+ast3 00000 Og(1) =1, g(2) =6, g(3) =4, g(4) =30000000
OO0 0OCramer’s Rule 0 000 Oe; 0000000000 O(Suppose g(t) = ag+ait+ast? +ast3
be a polynomial of degree at most 3 such that g(1) = 1, g(2) = 6, g(3) =4, g(4) = 3. Apply
Cramer’s Rule to express as using determinants.) (10pts)

4. 000000000000 (Find the determinants of the following matrices.) (10pts x 2 = 20pts)

2100 0 0
21 0 0 121000
1210 01210 0

@ 1o 1 9 1 ®lo 0121 0
00 1 2 0001 21

00001 2

5. 00 0000000000000000O0000O0 HOOOO (Let H be the coefficient matrix of
the system of linear equations given below.) (10ptsx 3 = 30pts)

o o

T+ oy + A 1 1 A

X+ oy + oz = , H=] X 1 1

r + Ay + z = 1 X1

(a) A\ODOOOODOOUOOOOUOOH OOO0O0OO000O (Determine the rank of H for each value of
A)

(b N\ UOODODOOODOOOOUOOOUOOOUOOOOOOoOoOooOoO e,b,c00000O000OOO
00 O (Find the condition for a,b, ¢ to satisfy when the system of linear equations above has
at least one set of solution.)

() HOOODDODODOOD ANOODODOOOOODOOODOO H-'OODOO (Find the condition of
A to satisfy when H is invertible. Find H~! for such \.)

goobbo oboooobobooboboobooooooboooobn
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SOlUtiOHS to Final Exam 2002 (Nov. 23, 2002)

1.

3.

(@) X (b)) X () O () X () O
000000000000000000000000000000000000000000000
000000000000000000000000

(@A:{;},:[;]DDDDm:2>1:nDDDDx:lDDD
1
2

1
2 | 0000 m=3>n+1=200 yy =tOyo=—t(t£0000 y1 =1,y = —1)

3 3
goooooooboon

(c) 00 22000000

(d)B:[1 L I}DDDD Az=b000000000By=000000000000000

0 0 2
By=000y,1#0000000C0C0C0000O0O0O0C0ODOQOOODODO Az=b0O0O00O0O0O
gbbbooobooooooboooooboobOoooooobooboboooon
x

() Az =b0000 [ A b]{_l

ooo

}MmMKﬂDDDByODDDDDDDDDDD

.30 +(-2)x[20] — [30]40 DDDD—%2D—HX3D}ﬁ%XHD]

—6s—3t+7 3 7
—2s + 2t 0
s 1 0
(a) i1 =s- 0 1 000 s,tdooogg
—t—2 0 -2
t 0 0
(b) P = P(4;1)P(2,3;3)P(2,3)P(3,2; —2)
1 0 0 0 1 0 0 O 1 0 0 O 1 0 0 O 1 0 0 O
|0 1 03| _ 10100 01 30 01 0 0 0 1 0 0
10 0 O 1| |00 10 0 01 0 0 0 0 1 0 -2 1 0
0 -1 % 0 0 0 O % 0 00 O 0 0 1 0 0 0 0 1
0000000000000000000000() 00000000000 0000000O

gboooboboooooooobooon

() GO 1,2,4,5000000000000 I0000CO1,2,4,500000000 EOO
O00OPE=I00000POO0O0OOOOO0 ECOOOOO P=E-1000000O0OO
POODOOOOODCODMOOOOOD CO0O0O00O0D0O0O00O0O0O00 GO0O000O00O0GO
00000000000 00000000000000000000000000000000
D0000MG=PCO00 POOOOOOODOOOOOOOOOOOOOOOCOOO0O
00000000000000000000000000 10000000000000000
0000000000000000000000000000

(a) D0DOD0OO0D0OD0O0DODOOO0ODOOOO

1 i ; ;3 xil ﬁ£1 ﬁaﬁ z-1 2?-1 «’~1
Ul = 2 3| = 2 3 =ly—-1 y*—1 ¢y*—-1

1y vy y—1 y"—1 y°—1 2 3

1 z 22 28 z—1 22-1 22-1 zolo2=-1 2l

y+1 2 +y+1
241 224241
z+1 [y |
Yy—x y2+yfx27x

zZ—x 22+z—x2—x

= (-Dy-D-1)
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= (@-Dy-1(E-1)0

0




Yy—x y2+y—:1:2—a:

2)(4—3) = 120

= (x—l)(y—l)(z—l)zix 2 hr—x2_g
. _ B B B B 1 y+2+1
= -DE-DE-Dy-nE-a] ] YT
. 1 y+z+1
= @D DE- D)y YT
= @-D-DE-Dy-2)(z-2)(z-y) = dz,y,2)
11 1 11 1 11 1 11 1
M) -z 22 23 |+z |1 22 23 |-22 |1 2z 23 |+23-]1 oz 2?
y vy 1y oy Ly o Ly ¢
(c) 2=2,y=3,2=40000 det(U) = d(2,3,4) = (2—1)(3—1)(4—1)(3—2)(4—
UDDDOU'00000 det(U) 0000000000
det((=U)U") = det(—U) det(U?") = (=1)*det U det U = 12* = 144.
(d) det(U) =12000000
. 1 2 4 5
Uy = (—1)*! =——|1 3 9 |=—Z"=—
() a30 40000000000000000 Cramer 00000000
11 1 1
Lo L1246 (16 4
PTUllr 3 9 6 12 3)°
1 4 16 3

C@5 (b7

goboobobbbol1gooooobooboooobobbobobboobooan

ob0boooooooboobooooooboooboooboooooooooooooogon
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(a) 2—=A=XN=-A-1)(\+2)0000000XN#1,\#-20000 OrankH =30\ = —
000 rankH =20A=10000 rankH =10

(b) A #1,\#-200000a,b,c000000N=-20000 rankH=2000 0=c+b—a—
Aa=a+b+c0000000000000000O00OO00OODOOODOODOO0OO 2=rankHO
A=10000 rankH=100000=b—Xa=b—al00 0=c+b—a—Ida=c+b—2a0
000 e=bb=c00000000000000000000 1=rankH 00O00O0ODOO

(¢) 0000000000000 0000000000000OdetH =
1)2(A+2)00000000 A#-—20A#£100000
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