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Linear Algebra I November 16, 2007

Solutions to Final 2007 (Toal: 100pts)

1. Find the values of o and 3 for the following system to have a solution. (10 pts)
T1 + 2x9 + 3x3 + 414 + D5 = 6
6x1 + 7Txo + 8x3 + 94 + 10x5 = 11

11z + 1229 + 1323 4+ 1424 + 1525 = «
16x1 + 1729 + 1823 + 1924 + 2025 = [

Solution. The augmented matrix of the system is as follows.

1 2 3 4 5 6 1 2 3 4 5 6
6 7 8 9 10 11| | 1+5 245 3+5 445 5+5 6+5
11 12 13 14 15 a | | 1410 2410 3+10 4410 5+10 «
16 17 18 19 20 g 1+15 2415 3415 4415 5+15 3

Applying elementary row operations
[2’ 1a _1]7 [33 1, _1]7 [4a 1a _1]a [37 2a _2], [45 27 _3}3

we have
1 2 3 45 6 10 -1 -2 -3 —4
5 5 5 5 5 5 [2,1;4],[2&5},[1,2;72] 01 2 3 4 5
00000 a—16 00 O 0 0 a-—16
00000 pg-21 00 O 0 0 pg-21
The system has a solution if and only if & = 16, § = 21.

2. Show the following. (10 pts)
1 x l‘lz ﬂj‘ln_l 1 .Z'% x’iz—Q
1 x9 :L’22 ce :L’gn_l 1 z9 $22 xQn—Q
1 z3 232 - 23"V | = (zp—21)(@p—22) - (p—2p_1) |1 23 232 -+ x3"2
1z, -Tn2 xnn_l 1 1 2 $n—1n72

Solution.
1 x1 $12 . x1n72 wlnfl
1 29 1’22 .. x2n—2 ZCQTL_I
1 zp -Tn—12 e Tyt Tp_1" !
1 Tn xn2 L. xnn72 :L.nnfl

by subtracting x,, times the (n — 1)-st column from the n-th column,
or taking the transpose and [n,n — 1; —z,],

1 z1 51712 . xl'n—2 $1n_1 _ n—2

T Tn
1 T $22 .. xQn—Q xzn—l _ x2n72zn
2 -2 -1 —2
1 Tp—1 Tp—1 T l'nfln (I;n71" - xnfln T
1 =z, I 0

similarly by subtracting z,, times the (n — 2)-nd column from the (n — 1)-st column, etc,,



1 z—x, 12 — T2, "2 — " 3, " — " 2,
1 To — T 292 — xox, 2o 2 — " 3, 2ot — 2,
1 _ 2 _ n—2 _ n—3 n _ n—
Tp—1 Tpn Tp—1 Tpn—1Tn Tp—1 Tn—1 Tpn Tp—1 Tn—1 Tn
1 0 0 0 0
by expanding along the n-th row,
Ty — Ty 1% — zap "% — ", R S
2 -2 3 -1 -2
— (—nt! Ta — Tp T~ — Xy T2 —x" %y, " — xRy,
2 n—2 n—3 n— n—
Tpn—1—Tpn Tp—1" — Tp—1Tn Tn—1 — Tp-—1 Tp Tp—1 — Tp-1
-3 —2
T — Ty z1(21 — ) 1" (21 — 1) "3 (21 — xp)
n—3 n—2
— (| T2 Ta2(T2 — Tn) 22" (w2 — ) 22" (Tn—1 — Ty)
_ _92
Tpn—1— Tn In—l(zn—l - xn) Tn—1 (In—l - xn) Tn—1 ('In—l - zn)
1 xr1 Z‘1n_3 1 -2
n—3 —2
_ n+1 1z To 9
(-1 (1 —zn) (@2 — @) (@po1 —) |~ 77T
1 Tp—1 xnfln_s xn71"_2
1 x1 1’1”73 x1n72
B 1 T I,an_?) xzn—2
= (vp—z1)(Tn —T2) (B9 —Tp—1) |~ T T
-3 -2
1 Tn—1 xn—ln xn—ln

3. Let A be the matrix below.

11 1 1 1
1 2 22 23 24
A=|1 3 32 33 34
1 4 42 43 44
1 5 5 5 54

(a) Show that A is invertible.
By applying the formula of the previous problem consecutively,

Solution.

|A]

Solution.

(A M50

11 1 1
2 3
G-DG-6G-36-4|, 5 2 5
1 4 4% 43
11 1
G-1)5-2)(5-3)(5-4)(4-1)4-2)4-3)|1 2 22
1 3 32

G-D6E-2)6-3)0-49)@-1)(4E-2)(4-3)B-1)B-2)
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(You can quote the formula of the previous problem.)

(5 pts)

11
1 2

G-1)65-2)56-3)5-4)4-1)4-2)4-3)3-1)B-2)(2-1)
413121 = 288 £ 0

Since |A| # 0, A is invertible.
(b) Find the (5,1)-entry of the inverse of A.

Let C;; be the cofactor of (i, j)-entry of A. Then
1 2 22 23
Cis 1 45| 1 3 32 33
=(=1) 2 43
|A| |A| 1 4 4% 4
1 5 52 5

(5 pts)
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) 1 2 22
= —(5-2)5-3)(5—-4)|1 3 32
’A‘ 1 4 42
1 1 2
= W(5_2)(5_3)(5_4)(4_2)(4_3) 1 3 |
1 12 1
= —(b-2)5- —4)(4-2)4— —2)=— = —.
(c) Find the (1,4)-entry of the inverse of A. (5 pts)
Solution.
1 1 1 1 1 1 1 1
)4+ 2 93 o4 _1)4+19.3. 2 93
(A1) Cii _ (=1) 2 2 23 2| _ (-1) 3.5|1 2 22 23
|A] | Al 3 3 3 3 | Al 1 3 3 3
5 52 5% 5t 1 5 52 5
1 1 1
~-1)412.3.5
= ()A(S—l)(5—2)(5—3) 1 2 22
(-1)412.3.5 11
= T(S -1)(65-2)5-3)(3-1)(3-2) 1 9
(-1)**12.3.5 30 - 48
= T(E) -1H65-2)56-3)3-1)3-2)(2-1)=— 588
= -5.
4. Let A,  and b be the matrices below.
0 2 -5 4 1 1
-1 =2 0 4 | o2 ]2
A=10 3 0o|"®  m |0 s
2 -5 -3 4 T4 4
(a) Evaluate det(A). (10 pts)
Solution.
0 2 -5 4 0 2 -5 2 0 2 -5 2
-1 -2 0 4 -1 -2 0 2 -1 -2 0 2
Al = 1 -3 -1 2| 2 1 -3 -1 1 =2 0O -5 -1 3
2 -5 -3 4 2 -5 -3 2 0 -9 -3 6
2 =5 2 2 -5 2
= 2(-1)(-1)*' 5 —1 3|=2-(=3)| -5 -1 3
-9 -3 6 3 1 =2
17 0 -8
= 2-(=3)| =2 0 1 |=2-(=3)(-1)3"? i72 _18 |:6.
3 1 =2
(b) Applying the Cramer’s rule to find x4 of the equation Ax = b. (10 pts)

Solution.

1

[4]

0
-1

1

2

2 -5 1
-2 0 2| 1
-3 -1 3| 4]
-5 -3 4

0
-1

0

0

2 =5
-2 0
-5 -1
-9 -3

co Ut DN
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) 2 -5 1 A Lo 142
= AFD@W“ =5 —L 5 =7 0 —1 5= 0 -1 5
4] ~9 -3 8 Al 1 3 g Al 1 3 g
1 45 15
= = —14'5— —1 '25 _- Y = —
5. Let B, C,  and b be matrices below.
0 2 -5 4 a 1 -3 -1 2 o ? by
-1 -2 0 4 b 0 1 -1 0 ¥ 2 by
B=1 1 3 192 ¢1"%T |0 2 54|30,
9 -5 -3 4 d 0 -5 -1 6 d §4 by
5

(a) By a consecutive application of elementary row operations, the matrix C' is obtained

from B. Express a/, V/, ¢ and d’ in terms of a, b, c, d. (10 pts)
1 -3 -1 2 ¢ 1 -3 -1 2 c
[1,3] -1 -2 0 4 b | 2114220 =5 -1 6 b+c
B —— LY
0 2 -5 4 a 0O 2 -5 4 a
i 2 -5 -3 4 d 0 1 -1 0 d-2c
(1 -3 -1 2 c a = c
[2,4] 0 1 -1 0 d-—2c ¥ = d-—2c
—
0 2 -5 4 a ’ d = a
(0 =5 -1 6 bte d = b+e

(b) Let P be a 4 x 4 matrix such that PB = C. Express P~! as a product of elementary

matrices using the notation P(i;«), P(i,j), P(i,j; 5). (10 pts)
Solution. By (a),

P = P(2,4)P(4,1;—2)P(2,1;1)P(1,3).
Hence

Pt = P(1,3)7'P(2,1;1)7'P(4,1;-2)" ' P(2,4)7!

P(1,3)P(2,1; —1)P(4,1;2) P(2,4).

Note that we can find P easily from (a).

00 1 0 0 010
o0 -2 1 4 | -1 001
P=110 0 of'" =1 000
01 1 0 2 100

Show that for any numbers by, bs, b3, by, the equation Bx = b has infinitely many
solutions. (10 pts)
Solution. The first four columns of B is the matrix A in the previous problem. Since
|A| # 0, the reduced row echelon form of A is the identity matrix, and that of B has
also four leading 1s. Hence rank(B) = 4. Since the augmented matrix of the equation
Bx = b is of rank 4. Hence it is consistent and it has infinitely many solutions as the
number of unknowns is five.
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z 1 0
6. Let A=|0 =z 1
0 0 =z
(a) Find the matrices A% and A3. (5 pts)
Solution.
z 1 0 z 1 0 22 2z 1
A2=10 z 1 0z 1|=|0 22 22|,
0 0 =z 0 0 =z 0 0 22
2 2 1 r 1 0 3 322 3z
ABB=A2 A=|0 22 2 0z 1|=|0 a° 322
0 0 x2 0 0 =z 0 0 x3
(b) Find the matrix A™ for any natural number n = 1,2,3,.... (10 pts)
Solution. Since
3 3z2 3z z 1 0 2 ox 23+322- 2 322+43z-x
At=10 3 322 0z 1|=10 3 23 +322 -z
o o0 2 0 0 z 0 0 -z

So assume the following hold. This is true for n = 1,2,3 and 4 by the computation
carried out above.

[ 27tz (n—Da" 142" 142434+ (n—1))z"2
A" = 0 "l (n — 1)zt 4 gnt
|0 0 2"l
i " nxn—l n(n—1) xn—2
2
= 0 b nx— (1)
0 0 x"
Then
[ Pk Tl$n_1 n(n2—1) xn—2 r 1 0
ATl = 0 " nx™1 0 = 1
| 0 0 " 0 0 =z
i e " + nl,n—l T nl,n—l + ("2*1) xn72 .
= 0 " x 2" +nz" o
0 0 "z
[ gt (n+1)z™ LHQ'H)x”_l
= 0 vt (n+1)z"™
0 0 P
Since (1) is valid for n = 4, it is valid for n = 5 and hence for n = 6, .... Therefore for
all natural numbers (positive integers) we have (1). Formal proof uses mathematical

induction.
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