Page 1 of 7

Introduction to Linear Algebra November 18, 2010
Solutions to Final 2010 (Total: 100 pts)
1. Let u, v, w be as follows. (10 pts)

w=(4,-8,1), v=(2,1,-2), w=(3,—4,12).

(a) The vector p = projyu is a scalar multiple of v such that u — p is orthogonal

to v. Find p. (Show work.)

Solution.

: u-v 4.2-8-1+1-(-2)
= I0JpU = V=
Po= PO = e 22+ 12+ (—2)?

_(4 24)
N 9 9’9/

Alternatively, you can set p = cv and determine ¢ by setting 0 = (u — p) - u.
So

2
(2,1,-2) = —5(2.1,-2)

0 = (u—p)-v=(u—cv) -v=((4,-8,1)—c(2,1,-2))-(2,1,-2)
= (4,-8,1)(2,1,-2) — (2,1, -2) - (2,1,-2) = =2 — 9c.

Thus ¢ = —2/9 and

2(2 1,-9) ( 4 2 4)
p 9 Y Y 97 9’ 9

Compute u x v, and find the volume of the parallelepiped (heiko-6-mentai) in
3-space determined by the vectors w, v, w. (Show work.)

Solution.
UuXv = ;Ll ;78 ]f —(‘_8 1 —‘4 1 4 _8‘)
s 1 g 1 -2 2 2’2 1

— (15,10, 20).
The volume is |(u x v) - w|. Hence

|(wxv)w| = |(15,10,20)-(3, —4, 12)| = 15:3+10-(—4)+20-12 = 45—40+240 = 245,

2. Evaluate the following determinant. Write explanation in words in detail at each

step.

(10 pts)

A—cCc —Cy - —Cy

_Cl )\_02 e _Cn

—cp —Cy A=y
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Solution. Let c=c1+co+ -+ ¢y,

A—cp  —co o —Cy A—c —cg 0 —cy
—c1 A—cy 0 —Cy A—c A—cy -+ —cy
= | . (1)
—cy —Ccy - A—cy A—c —cp 0 A—cy
1 —c —c,
1 A—¢c -+ —c,
= (A=9)]. (2)
1 —c A—cCp,
1 —c -+ —cp
0 A 0
= -9, _ Q
0O 0 - A
= M\ —o). (4)
(1) Column operations [2,1;1],[3,1;1],...,[n, 1;1].
(2) Factor out A — ¢ from the first column.
(3) Row operations [2,1; —1],[3,1; —1],...,[n, 1; —1].
(4) The determinant of a tridiagonal matrix is the product of the diagonal. One

can obtain the same by expanding along the first column successively.

3. Let A,  and b be the matrices below. Assume Ax = b.

1 0o 2 3 T 1
-2 1 412 B> ]2
A=l y9 o9 1 "% || 7] 22
2 1 1 -3 4 3
(a) Evaluate det(A). Briefly explain each step. (10 pts)
Solution.
1 0o 2 3 1 0 2 3
1 8 18
-2 1 4 12 0 1 8 18
|A|_2—211_0—2—3—5__12:2:3(5)
2 1 1 -3 0O 1 -3 -9
1 8 18 1 8 18 9 4
— o 13 31 |=|0 2 4 :' _11 _27| (6)
0 —-11 -27 0 —11 =27
1 2 1 2
S 2t 2] .

(5) Row operations [2,1;2], [3,1; —2], [4, 1; —2], and expand along the first row.
(6) Row operations [2,1;2],[3,1; —1], then [2,3;1] and expand along the first
TOW.
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(7) Factor out 2 from the first row. Row operation [2,1;11] and multiply the
diagonal of a triangular matrix.

Applying the Cramer’s rule and express x; and x4 as quotients of determinants.

Do not evaluate determinants. (5 pts)
Solution.
1 0 2 3 1 0 2 1
2 1 4 12 -2 1 4 2
-2 =21 1 2 =21 =2
3 1 1 =3 2 1 1 3
Ty = y Ly =
1 0 2 3 0 2 3
-2 1 4 12 -2 1 4 12
2 =21 1 2 =21 1
2 1 1 -3 2 1 1 -3

Explain that the following system of linear equations with unknowns y1, ¥, y3,
Vs, Vs, Yo 1S always consistent and the solution can be written with two free

parameters for any a, b, c,d, e, f,g and h. (5 pts)
Y1 + 2ys + 3ys + ays + ey = 1
—2y1 + Y2 + 4dys + 12y + bys + fye = 2
200 — 22 + Y3 + Y+ s + gy = —2
200 + Y2+ Y3 — 3y + dys + hys = 3

Solution. The augmented matrix B is as follows, where H and H' are the
matrices in (d).

1 0 2 3 a e 1
-2 1 4 120 2|
B = 2 21 1 ¢ g -2 = [A, H,b].
2 1 1 -3 d h 3

Since det(A) # 0, A is invertible. Since Ax = b, A~'b = x.
ATIB = [A7YA, ATV, A7) = (1L H, .

Since A~! is a product of elementary matrices, after performing corresponding
elementary row operations B becomes

/ /

1 00 0 ad € o
01 00 0 f x
0010 ¢ ¢ ux3
0001 d KW x4

This is a reduced row echelon form and rank is 4, no leading 1’s in the last
column. Thus the system is consistent and the solution can be written with
two free parameters.
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(d) Let H and H' be as below. Suppose A~'H = H’. Explain that the solutions
to the system of linear equations in (c¢) can be expressed as follows, where s

and t are free parameters. (5 pts)
oy ] [ a1 ] [ ] [ e ]
a € a e Y2 T v I
_| b v ys | _ | @3 d g
H = c g ) H = c g/ ) m - T4 S d t B
d h d n Ys 0 —1 0
Lys ] L O] L 01 L1

Solution. Using the reduced row echelon form in (c), we have the solution
above by setting x5 = s and x4 = t.

4. Let B be the augmented matrix of a system of linear equations. Let C' be a matrix

obtained from B after a series of elementary row operation. (25 pts)
1 0 2 3 a 1 0 2 3 d
-2 1 4 12 b o 1 -3 -9V
B= 2 =21 1 ¢ |’ ¢= 0 -2 -3 -5 ¢
2 1 1 -3 d 0 1 8 18 d

(a) Express d/, V', ¢ and d' in terms of a, b, ¢, d. (Show work.)

Solution.
[ 1 0O 2 3 a 1 0 2 3 a
B o_ |2 1 41206 [0 1 8 18 2a+b

o 2 =21 1 ¢ 0 -2 -3 -5 —2a-+c
2 1 1 -3 d 0 1 -3 -9 —2a+d
1 0 2 3 a ad = a

. 0 1 -3 -9 —2a-+d ¥ = —2a4+d

0 -2 -3 -5 —2a+c |’ d = —2a+c

0 1 8 18 2a+b d = 2a+0b

(b) Write the sequence of operations applied to B to obtain C using [¢; ¢, [i, 7], [¢, j; ¢]
notation.

Solution. [2,1;2] — [3,1; —2] — [4,1; —2] — [2,4].

(c) Let P be a 4 x 4 matrix such that PB = C. Express each of P and P! as a
product of elementary matrices using the notation P(i;c¢), P(i,j), P(i,J;¢).
Solution.

P = P(2,4)P(4,1,—-2)P(3,1;,-2)P(2,1;2),
Pt = P(2,1;2)7'P(3,1;-2)"'P(4,1; =2) ' P(2,4) !
= P(2,1;-2)P(3,1;2)P(4,1:2)P(2,4).

(d) Determine P and P~*. (Solution only.)

Solution.
1 000 1 000
| -2 0 0 1 4 | =2 001
P= -2 01 0}’ P = 2 010
2 1 00 2 1 00



(e)
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Explain that P in (c) is uniquely determined.

Solution. The first four columns of B is the matrix A in 3. Since det(A) =
—10 # 0, it is invertible. Let C’ be a 4 x 4 matrix whose columns are the
first four columns of C, then PA = C'". So P = C'A~! and P is uniquely
determined.

5. Let A, &, b, (n=0,1,2,...) be as follows. (30 pts)
0 10 an Gnt1 an,
A=1 0 0 1]|,b,=] apn1 and Qpio | = b1 =Ab, = A | apy1 |-
—6 5 2 Ap 42 an+3 QAn 2

(a)

Find the cofactor matrix A, the adjoint matrix adj(A) and the inverse of A.
(Solution only.)

Solution.
. -5 —6 0 -5 =2 1 1 -5 =2 1
A=| -2 0 —6|,adj(A)=| -6 0 0 ,A*l:—6 -6 0 0.
1 0 0 0 -6 0 0 -6 0
Find the characteristic polynomial and the eigenvalues of A. (Show work.)
Solution.
A -1 0 A—-1 -1 0
det(AT—A) = |0 X -1 |=]A—-1 X -1
6 -5 A—2 A—1 =5 A—=2
1 -1 0 1 0 0
= A=1l1 X -1 |=A=1)|1 Ax+1 -1
1 =5 A=-2 1 -4 A-=2

= A=D((A+1D)A=2)—4)=N-1)(A\*—-)X—6)
= A=3)(A=1)(A+2).

The eigenvalues are the roots of the characteristic polynomial and so they are
3, 1 and —2.

Find an eigenvector corresponding to each of the eigenvalues of A. (Show
work.)

Solution.
A=3:
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-2 -1 0 0 2100 1
0 -2 —1 0| —10 2 10|, v3=| -2
6 -5 —2-20 0000 4

Find a 3 x 3 matrix P and a diagonal matrix D such that AP = PD. (Give
explanation.)

Solution. Let

11 1
P=[vy,v9,v3)=|3 1 =2 |, and D=
9 1

o O W

4

o = O
|

[\DOO
 E—

Then

AP = Alvy,vs,v3] = [Avy, Avs, Avs] = [3v1, v, —203]

— [’017,02;,03]

S O W

0 0
1 0 | =PD.
0 -2

When ag =1, a1 = —4 and ay = —4, find a,,. (Show work.)

Solution. Since Av, = 3v;, Avy = vy, Avs = —2v3, we have A"v, =
3wy, A"y = vy, A"v3 = (—2)"w3. On the other hand b, = A"by.
Let by = xv, 4+ yvs + zv3. Then

1 1 1 1 x
4 |l=x|3|+y|1l|+2| 2 |=P|y
—4 9 1 4 z

Hence

11 1 1 1 1 1 1 11 1 1 10
31 -2 4| -0 -2 -5 -7 |—=1]1]02 5 7 |—=]01
0 0 0 0

91 4 -4 0 -8 -5 —13 )

—_
—_

Thus x = -1,y =1and z =1, or by = —v; + v3 + v3. Now

1
—4
—4

= An<—’01 + Vo =+ ’Ug) = —3"’(71 + Vo + (—2)”’03

an
i1 | = by = A"by = A"
An+1

1 1 1
= 3" |3 |+ |1 |+(-2)"| -2
9 1 4

Therefore a,, = —3" + (—2)" + 1.

Alternatively, by finding P~! and compute A™ = PD"P~! can give the follow-
ing.

b, = A"by = PD"P b,
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i 1 1 1
11 1 3m 0 0 - L L
= |31 =2 0 1" 0 1 & -3
91 4 0 0 (-2 o4 4L
i 1 1 4 1 1 1 1 1
g2 il g OBt (D ¥y
= | —2(-2)"-23"+1 S (-2)"+ 33"+ —1(-2)"+753"—;
NS FORIE FRSIRE N I SRR O
L 5 5 1 10 6 15 10 6
[ (—2)" — 3" +1
= | —2(-2)"-33"+1
4(-2)"—93"+1

Therefore a,, = (—2)" — 3" + 1.
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