Linear Algebra I

Midterm Exam 2012
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(Total: 100 pts, 20% of the grade)

245301
1 3 0 —1 ¢
’30_496—103
0 -1 2 1 ¢
1 3 0 -1 ¢
0 -2 5 5
0 36 3 &
0 -1 2 1 ¢

Matrix B is obtained from By by an elementary row operation and Bs is obtained from
By by a sequence of elementary row operations.

1. Express ¢}, ¢, ¢, ¢ in terms of ¢1, ¢2, ¢3, ¢4.

(10 pts)

2. Write a sequence of elementary row operations applied to By to obtain Bs using
is c], [1, 7], i, 7; c] notation, by assuming that B; is obtained by the first operation.

(10 pts)

3. Find a 4 x 4 matrix P such that PBy = B,.

Points:

(10 pts)

I-1 2 3 4*

6 I1-1*
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*: 20 points
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4. Find a reduced row echelon form of [A b] and find the solution « of a matrix equation
Az = b. Show work! (20 pts)

5. Let A = [ay, as, a3, a4]. Show that the columns of A form a linearly dependent set.
(10 pts)

6. Find a vector in R* which is not in the span of the set of column vectors of A, i.e.,
a vector & not in Span{ai, as, as, a,}. (10 pts)
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II.  For 1 and 2 below, let

1 -1 2 7 1 1 -1 2 100
C=|3 =2 1 |.z=|a|,d=|2]|,[CcI]=] 3 =2 1 010
—2 2 -5 5 3 —2 2 500 1

1. Find the inverse of C' by applying a sequence of elementary row operations to [C I].
Show work!. (20 pts)

2. Using the inverse of C' obtained in the previous problem, find a solution to Cx = d.
Explain that Cz = d has exactly one solution. (10 pts)

Message Column: Your comments are welcome, about this course, especially for improve-
ments. Z DIXFEITDOWT, FITWERITOVT, ZoOfiffTd &9 Z,
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Linear Algebra I October 11, 2012
Solutions to Midterm Exam 2012

I. For 1 to 6, let

9 4 5 3 1 1 9 4 5 3 ¢
1 3 0 41 | m |2 1 3 0 -1 ¢
A=1y 9 6 1 [T |5 2= 2 |'P=]4 0 6 -1 o
0 -1 2 1 T4 ) 0 -1 2 1 ¢

1 3 0 —1 ¢ 1 3 0 -1 ¢

2 4 5 3 ¢ o =25 5 ¢

Bo=Bi=1y 9 6 1| P70 36 3 ¢

0 -1 2 1 ¢ 0 -1 2 1 ¢

Matrix B is obtained from By by an elementary row operation and Bs is obtained from
By by a sequence of elementary row operations.

1. Express ¢, ¢, ¢, ¢ in terms of ¢q, ¢o, ¢3, ¢4. (10 pts)
Solution. ¢} = co, ¢y = 1 — 2c9,¢5 = c3 — 4eg, ¢y = 4.
2. Write a sequence of elementary row operations applied to By to obtain Bs using

[i; c], [1, 7], i, 7; c] notation, by assuming that B; is obtained by the first operation.
(10 pts)

Solution. [1,2] — [2,1;—2] — [3,1; —4]

3. Find a 4 x 4 matrix P such that PBy = Bs. (10 pts)
Solution.
1 000 1 000 0100 0 1 00
p_ 0 100 -2 100 1000 |1 =200
| -4 010 0 010 0010 |0 -410
0 00 1 0 001 0001 0 0 01

4. Find a reduced row echelon form of [A b] and find the solution @ of a matrix equation

Axz = b. Show work! (20 pts)
Solution. Since ¢} =cy =2, ¢y =c¢1 —2co = =3, ¢4 = —6, ¢} = =2,
1 3 0 -1 2 1 0 6 2 —4 1 00 —16 —-10
Ab] — 0 -2 5 5 =3 R 0 0 1 3 1 R 010 5 4
0 -3 6 3 -6 0O 0 0 0 O 001 3 1
0O -1 2 1 =2 0 -1 2 1 =2 000 O 0
T —10 16
. To . 4 - .
xr = o | = 1 +s| NEELE free parameter
Tyq 0 1

5. Let A = [a1, as, a3, ay]. Show that the columns of A form a linearly dependent set.
(10 pts)
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Solution. Since 1 = 16,29 = —5, 13 = —3, x4 = 1 is a solution to Ax = 0.
2 4 5 3
1 3 0 -1
0= Ax = 16a, — bas — 3a3 + a5 = 16 4 -5 9 -3 6 + 1
0 —1 2 1

Hence the columns of A form a linearly dependent set.

6. Find a vector in R* which is not in the span of the set of column vectors of A, i.e.,
a vector  not in Span{ai, as, as, a,}. (10 pts)

Solution. Using By, we obtain an echelon form.

1 3 0 -1 Co 1 3 0 -1 Ca
0 -2 5 5 C1 — 202 R 0 0 1 3 C1 — 262 - 264
0 -3 6 3 C3 — 402 0 0 0 0 C3 — 462 — 364
0 -1 2 1 C4 0 -1 2 1 Ca ]
1 3 0 —1 (&) C1 0 i
. 0 -1 2 1 Cy Lot ¢ — Co v — 1
0 0 1 3 C1 — 202 - 204 ' C3 ’ 0
0O 0 0 0 ec3—4cy—3cu Cy 0 |
Since Ax = ¢ has a solution if and only if ¢3 — 4co — 3¢y, = 0. Since v with

c1=0,c0 =1,¢c3 =0,c4 =0 does not satisfy this condition, Ax = v does not have
a solution and v cannot be expressed as a linear combination of the columns of A.
Hence v is not in the span of the set of column vectors of A.

II. For 1 and 2 below, let

1 -1 2 T 1 1 -1 2 100
C=|3 -2 1 |.z=|ax|,d=|2|,]CI]=] 3 -2 1 010
-2 2 =5 X3 3 -2 2 =5 001
1. Find the inverse of C' by applying a sequence of elementary row operations to [C I]
Show work!. (20 pts)
Solution.
1 -1 2 100 1 -1 2 1 00 10 -3 -2 10
3 -21 010{—-]0 1 -5 -310|—-(01-5-310
-2 2 =5 001 0o 0 -1 2 01 00 -1 2 01
10 -3 =21 0 100 -8 1 -3 -8 1 -3
—-|!01 -5 31 0 |—-|010 -131-5]|,C'=|-131 =5
00 1 =220 -1 001 -2 0 —1 -2 0 -1

2. Using the inverse of C' obtained in the previous problem, find a solution to Cx = d.

Explain that Cx = d has exactly one solution. (10 pts)
Solution.
-8 1 -3 1 —15
z=C"'"Ce=C"'d=| -13 1 -5 2 | =] —26
-2 0 -1 3 -5

If Cx = d, then by multiplying C~! from the left, we have x = C~'d, which is the
vector above. Therefore the solution is unique.



