QUIZ ]_ (Due at 1:30 p.m. on Fri. Sept. 13, 2002)
Division: ID#: Name:

. T+ 2.1'2 + T3 + 2%‘4 = 1
(A){ gml B i“ = \/\/_2 CB)d 21 4 dws + dwy + 8us —
1 L2 3r; + 6xy + Sx3 + Ty = 7

W

1. (A), (B) 22D —RITEADILRFEEATH%Z K& X, (Find the augumented
matrix of each of (A) and (B).) [Solutions only!]

2. BT EDLIERBEATINATICE T 2 AL 213 £ 2 LT, BT Y 247511
24 X, (Use elementary row operations to find a reduced row-echelon form of
each!) [Show work!]

3. BEI A D 24752 T, (A), (B) ZNZNnDfiEZ K X, (Use 2 to find solutions
for (A) and (B).) [Solutions only!]

Message il (FEIcb &9 %) COREICHIFRFT 5 2 &, HHE, AT >THFAL L,



Solutions to Quiz 1 (Sept. 13, 2002)

1. (A), (B) 22D —XITEADILRFEATHZ K X, (Find the augumented
matrix of each of (A) and (B).) [Solutions only!]

<A>[§j£], (5)

2. ETH EDLIARBBATINATICBET 2 HAEIE 212 2 LT, BEIA Y 21771
ZIge L, (Use elementary row operatlons to find a reduced row-echelon form of
each!) [Show work!]

12121
2 4 4 8 4
36 5 77

) l —2 Vﬂ§] . l -—2/3 V3/3 1 B [ 1 —2/3  /3/3 ]
—4 /3 V3 0 —2/3 —2V3/3
1 V3 10 43
lO—W3—%@B]H[01 ﬁﬂ'
12121 12121 12121
(B) | 2 4 4 84]H{00 242]%{00 121]H
36577 00214 00214
120 0 1200 0 1200 0
{oo 1 1] {oo 12 1 ]H{oo 10 w3]
000 -—3 2 0001 —2/3 0001 —2/3

Reduced row-echelon form (Bf#9777 1751

(a) If arow (fT:8) does not consist entirely of zeros, then the first nonzero number
in the row is a 1. (We call this a leading 1.) [ZNZFNDITO—FLEICH S 1
DI L]

(b) If there are any rows that consist entirely of zeros, then they are grouped
together at the bottom of the matrix. [(A), (B) DI TIZHLE L %2\

(c¢) In any two successive rows that do not consist entirely of zeros, the leading 1
in the lower row occurs farther to the right than the leading 1 in the higher
row. SEHHD 1 DAEIGICTNTHE £T]

(d) Each column (%1 : ff) that contains a leading 1 has zeros everywhere else. [(A)
Tl 1. 2. 3%1H. (B) Tix 1. 3, 4%IHTIZ, &E#HD 1 DATXTO
%> TV ET]

3. BEI A D 24752 T, (A), (B) 2N ZnDfiEZz Ko X, (Use 2 to find solutions
for (A) and (B).) [Solutions only!]

- —2t 0 2
o [2]-08) @ a2 | )

(t is a free parameter.)



QUIZ 2 (Due at 1:30 p.m. on Fri. Sept. 20, 2002)
Division: ID#: Name:

A. B % 20 Z N —RSTREADILRREATIN E § %, (Let A and B be augumented

matrices of systems of linear equations.)
-2
A —

o O OO
o O O
S OO Ww
o O = O
o O Ot Ww
o= O O
_— o O O
o O OO

1 -2 1 3
2 3 25|, B=
31

o O O

1. A OBEEUZ\ < D%, (Find the rank of A.) Show work!

2. EH 21 2w A ZIKRBRBATIN & § 28— RIGEADEE 2D &9 2224
EX &, Bl DX, (Apply Theorem 2.1 to determine whether the system of
linear equations whose augmented matrix is A has a solution or not, and explain.)

3. B ZINKEREBATH & T BN R ITREADMEZ KD X, (Find the solution of a system

of linear equations whose augmented matrix is B.)

Message fifl (BIZd 9 Z) 1 fERDEE, 25 FFEDOHTICOWT, HEIZOWTEL,
fifcd &9 2,



Solutions to Quiz 2 (Sept. 20, 2002)

1. A DB D22, (Find the rank of A.) Show work!

1 -2 1 3 1 -2 1 3 1 -2 1 3
{2 3 -2 5] —l0 7 -4 1] >{0 7 -4 1] =
3 1 -1 6 0 7 —4 -3 00 0 -2
1 -2 1 3 1 -2 1 0
0 1 —4/7 —1/7|—=]0 1 —4/7 0 0 1 —4/7 0
00 0 1 00 0 1 00 0 1

TRTUE (FTRTDHIT (entry) EFVET) FTIERWITOLIL 3 TIH 5 rank(A) =
3EBDFET, [ BEROERIIRNA Y ATHDOETRBITOHE L TOE T
5. EFRMYICRKRD ZITIIRBETROTRSRDO AV ERERTT, Lol 7
BT 2 BEAZIE 2% 20U, EBRICIE 3 FEHOTI X TRkdiui, BEIZ3TH
5IEDPYET, TN EEARTOEE T TRTBFEDT2IES 2 L3
Bl tidMohrTli), @FHZEATHATIIV,) 0 3HHDOKAITIZ
FEEATAI. BATDOmAIZ 112 L7 4 FH DT %2 A7 24751 (row echelon form) &
WPONE T, 7272, HEDSEIHEA S LIRILLAEL 20T, BETIRIRVRISK-
TWEY, CORMEDRRIC, BERIA Y ATHICT 5 2 &2 RD o Tw T,
INh6ld, REFTEABETICKROTHVFE¥ A, 77, Show work! &ZFH W T
HHRHZ, 2F/BHDTIH 7D TEZEIPNL L L ko LN £T0, ZDONAIIZH
TCHIBIL TR S v, |

2. BHL2.1 2 vy A ZIERBREATIN E T 238 —RITEADM2FFO0 &) 222 H]
EX K, BHDH DK, (Apply Theorem 2.1 to determine whether the system of
linear equations whose augmented matrix is A has a solution or not, and explain.)

REATINEZ C L5 L. 1 TOREDS,

1 -2 1 10 —1/7
2 3 2|01 —4/7
3 1

-1 00 O

10 —1/7 0
.

C:

E% D ET05. rank(C) = 2, B X D ILKRRBATIIORELUZ rank(A) = 3 T,
N — R ITRRRDILKRIRBATIN L REATINDPERD B L v o, B 2.1 KD
A ZISKRFRBATINE T 283, —RAGRAIM 2R 722\, (1 TEBL 2RED
Baazet, 0=1L,LoTuETrs, BRFELENILEWSLTY, L
L. 20 o HEEOEN AN & 13T, 171 F 737l o—#Gm & L
T FRDT K SADH DT, BBOM TOMDIFAEEIIZ L -5 0 LB L T
TS, HETHLEVE LD, IBRFBEEITIIE . REATIN DB —E T2 L &
K2 b D EEIHIFZBALAHLERATL, ZUE, ) T2 LEICE-
TAAID Z L2 A2 LX) ICHh>THEb )~ Kok isiz->Z D205
TY, L& L. [FX (homogeneous) D&, §TICM2EHE L2527 %
Lo, ZhzELL T, ~BROGAHLMEEZ L2 2 IR L TATT I
vV, Quiz 1 DER, BZREOMER EZ2SEITL TSI, |



3. B ZIEKBRBUTH & T 5N —KITHEA D% KD X, (Find the solution of a system
of linear equations whose augmented matrix is B.)
BR%E 11,29, T3, T4, T3, Te, T7, Tg T D, LD 1 IFZNZ 4, H 2,5, 7, 8 i
HHPE, ZNLNDINCHIET 2L K2 T RXI =T 5, Thbb, x =1,
T3 = t27 Ty = t3, Tg :t4 é’.j—% &\ F%fﬂa‘%o

T 11

i) —3t2 + 2t3 — 3'[54
T +3t2 —2t3 +3t4 = 0 T3 tg
Ts +5t2 =0 Ty . t3
Wit = 0" Ty —5t4
xrs =0 Tg t4
Wit 0

Lzs | L 0 ]

ty,to, ts, tq \FEHHZEL (free parameters), [{E: —HHD s1,52,...,8, T a1, 29,...,2,
WKRATEE 2,20,...,0, ZEEET D (WL O0D) HEAZH-THD%Z MK
(solution) & VW E TS, fRIE—FH L IZBRS T, IEfEICIE, fREES (the solution
set) ZKD B E VI FVLITOTVIEMETT, M2 wIRIE TRESIZZETH % (The
solution set is empty.)s &2 TREEAIZZEES (empty set) TH Dy LWVIBFWVIZ
LET, CORETEMODZZALZABENTHOEEL X ), 27, EHITOVTL,
L TR LAD VL ERWETOT, ANV EREA, G, ED
BOOMEGEZEFECTEEET, |
_ " -
—3ty + 2t5 — 3ty
lo
ts t, to, ts, ty IFAEEDIEL
—b5ty (t1,t9,t3,t4 are reals.)
12}
0
0




QUIZ 3 (Due at 1:30 p.m. on Fri. Sept. 27, 2002)
Division: ID#: Name:

1. a, b, ¢ ZFEL (real numbers), X, A, B, C % N D X ) %174 (matrices) &£ § 5 &
E. TN oIrh 255 X, (Evaluate the following.)

T11 Ti2 T13 0 01
Toa1 T22 T23

31 T32 X33

X = A=

(a) AX =

(¢) CX =

2.V & (i,)) BoTD3 v ; TH S 5x 54750, W & (i,7) o323 w; ; TH 5 5 x 10 1751
9%, ZotE Xozxnrgne Y 2Hveaee e, UEh TR,
(Let V' = (v; ;) be a 5 x 5 matrix and let W = (w; ;) be a 5 x 10 matrix. Express
the following in two ways, one without Y_ symbol and one with Y~ symbol.)

(a) V- W @ (5,2) T ((5,2) entry of V- W)

b) VE.W —3W @ (2,7) 5. ((2,7) entry of V- W — 3W, where t denotes
( y

transpose. )

Message Tl (BBIZH EHZ) 1 Szl > T—FLVLEOR (FiE, LnEDIC
L7zcw) b, ZEBRATT D, ZDIE1, fiTHLEHZ,



Solutions to Quiz 3 (Sept. 21, 2002)

1. a, b, ¢ ZFEE (real numbers), X, A, B, C Z FD X 9 %4741 (matrices) £ T 5% &
E. UM ofrilzitE+E L, (Evaluate the following.)

11 T12 T1.3 0 01 1 00 1 00
X = Ta21 T22 T23 s A= 010 X B = 0 a O s C = b 1 0 .
xr31 T32 I33 1 00 0 01 c 01
0 01 11 Ti12 T1.3 T31 T32 T33
(a) AX=]010 To1 T2 T23 | = | X211 T22 T23
|1 0 0] | z31 w32 733 | T11 T2 713
1 00 11 Ti12 T13 T11 T1,2 x1,3
(b) BX = 0 a O To1 T22 T23 = aTz1 GQT22 aT23
L 00 1 1 L ®31 T32 T33 | | T31 X32 T33
1 00 11 Ti12 T1.3 T11 T1,2 Z1,3
(C) CX = b 1 0 To21 T22 T23 = bl’171+$271 bx1’2+x2,2 b$173+$2’3
L c 0 1| [ 231 732 %33 | | cT1,1+T31 CTio+T32 CTy3+T33

751 A, B, C K56 X 0332 L1k X OIFICBT3EB20E B LT
F9, AT, BITEEITOANEZ, B TlIHE 2172 o 5. C TR H 117
D bEZRE2ITITMA, FB1TD cf5ZEITICMATOVET, AZELLDITS
EIIATICBT 2 HAEBIED—D, a£0 DEEIX, B 20601 22 HITIC
BT 2EAZHED—D2TT, (a=0DEFRFEALZHLIEIEDLRVI LICERELT
TE,) b=0F%2 3 c=0DEEIE, C 2EILOPITBIEBLITICEET 2 HAL
JBED—2ll>TwET, C Z_2Df74] C,. Cy, DET, 20z 0Dy, T
LEABEZVEEITIIRDDICETIENTEE T, E2onT 5 EfTIC
BT 2 AL 2 O & B 2T/ HAITI E W E T, TRTOITICEET 25K
B Z DITFNCIED S AT #0152 eick Do nE 3, 243 smHE
DEFEDIEY IJDAXLERLEDTT, ST A B CZ XD iy 6T 3
EEIRDBTL X9

2. V% (i,j) D3 v, ; THS 5 x5 175, W % (i,7) 325 w;; TH 5 5x10 1751
£9%, ZnLE, Xozxnztnzg Yy zHukhwuE Hwai, @) TR,
(Let V' = (v;;) be a 5 x 5 matrix and let W = (w; ;) be a 5 x 10 matrix. Express
the following in two ways, one without Y symbol and one with }_ symbol.)

(a) V-W @D (5,2) 4T, ((5,2) entry of V- W)
5
Up1W1,2 + Us 2W2 2 + U5 3W3 2 + Us 4Wq 2 + Vs 5W5 2 = Z Us,iW; 2.
i=1
(b) V- W —3W @ (2,7) 57, ((2,7) entry of Vt- W — 3W, where t denotes
transpose.)
5
V12W1,7 + Vo oWa 7 + V3 2W3 7 + Vg oWa 7 + Vs 2Ws 7 — SWo 7 = (Z Ui,Qwiﬁ) — 3w 7.
i=1
Bl o 22 OF A THIEMRE LETH. Y0, (vawir — Sway) I E 57
CHMDBDIZZ Y £T, T ETh, 2zl T5700>Z2HVET,



QUiZ 4: (Due at 1:30 p.m. on Fri. Oct. 4, 2002)

Division: ID#: Name:
r + 2y + 3z = a ; _11 (1) (1)
(A) sz + 3y + 42 = b B=| " 5 3 _9 3
r + 4y + 4z = c 1 L1 1

1 a,y, 2 ICB9 28— (A) DRBUATHI O TS Z Ko X, @i b i,
)

(Find the inverse matrix of the coefficient matrix of (A). Show work!

2. HiOREDEZFMHL T, (A) OfE z,y,2 & a,b,c ZH\THKYE, (Express the
solution x,y, z of (A) by a, b, ¢ using the problem 1.)

3. 4791 B T (ERIATSI) Tdb %55 hH L, B b o~ X, (Determine if

the matrix B is invertible (a nonsingular matrix) and explain.)

Message il (FITd £ Z) 18y a v RS LG EEMNL DB EA LA L T
WETH, INSIEFEZEICLTWEDTLEI D, HHZIDEEIDEHESTWL
DBRCDTL k), ZOMABEATHE ) Z,



Solutions to Quiz 4

(Oct. 4, 2002)

1. x,y, z \CBHY 27— (A) DREBATHIOMATH 2 KD &, @i b i,

(Find the inverse matrix of the coefficient matrix of (A). Show work!)

(A) DIREATINZ C L3 2, 3x 61751 [C, 1) IATICBIT 2 ALK 2 L <. 1%

WIH D 24752 %,

123100 123 1 0
134010|]—-]011 —-11
144001 021 -10
10 0 4 -4 1 1 00 4
—-/01 0 0 -1 1}|—=([010 0
00 -11 =21 001 -1

0 10 1 3 =20

0|l—]01 1 -1 1 0

1 00 -1 1 —-21

—4 1 4 -4 1
-1 1 [,c'=] 0 -1 1 |.
2 -1 -1 2 -1

. HOFEOEZFHL T, (A) OfF x,y,2 % a,b,c ZH\WTHEE, (Express the

solution x,y, z of (A) by a, b, ¢ using the problem 1.)

—
ISEINSEE
[

(10
01
0 0

N e R

0

0

1
—4
-1

-1 2

[ 4
0

|

i

1

R

-4 1 1 2 3 T
-1 1 1 3 4 Y
2 -1 1 4 4 z
4a — 4b+ ¢

—b+c
—a—+2b—c

3. 181 B WA (EHIIAN) TH52E 9 DHEL, HHb O~ K, (Determine if

the matrix B is invertible (a nonsingular matrix) and explain.)

1 -1 1 0 1 -1 1 0 1 -1 1 0
2 1 0 1 0 2 ] 0 1 0 3
2 3 23| 710 1 0 3| o 3 —21
1 1 1 1 0 2 0 1 0 2 0 1
1 -1 1 0 1 -1 10 1000
0o 1 0 3 0 1 0 3 0100
1o 0 -2 -8 00 14| o010
00 0 -5 0 0 01 0001

L7235 Trank(B) =4 ZtUd, B OfTFIOH A XEHFELWOT, EH 42 LD
B 3 TH 5, EERHITIEZHADITT, W THH I 2RI HELHD T
D3, ANEDE ) T W 7% 6 BEE (rank) DERMEDIZ ) 239 - LfFHEZD
WBHODTL ), FRRBDAT Y T3 SADIEZLTLESLLIICH
ZF D, HAS B3 W2HDIEFRTHL T iFiF, HHICRE?MFO NS
e £, mEDTINE, BEIA Y 21751 (reduced echelon form) T A3,
BB 6 2H/HEHDO D DIF, BITH Y A7 (echelon form) &L T, &Y A{74
EFTRE->TCIUE, FEBUIFHICT» D T2 6, mEBEDIFETL A THRTE

HHFHEA,



mke-nove VMidterm
Division: ID#:
1 1 1 1 a
1 -1 1 -1%
A= 1 1 -1 -1 ¢ |’ B=
3 1 1 -1 d

o O O

Page 1 of 2

(Due at 1:30 p.m. on Tues. Oct. 15, 2002)

Name:

— O = =

_ = O

N = = =

1

a I Z

_ 2
a2b To

a—c , L= y Y= Ys
2 T3

3a—d Y4
2 L4

Ys

1. 791 B 3, 1351 A ITATICB T 2 AL 2 ML TRO LD TH 5,
B =CA &% % 4 XAngi (IEAD) 1751 C Z3K® X, (The matrix B is obtained
by a sequence of elementary row operations to the matrix A. Find an invertible
(nonsingular) matrix C' of size 4 such that B = C'A.)

2. 3 A ZIRRBRBATIN E § M —RITHEADETH S 2 & &, o B B ZIKRE
T E T 2N —RIGBRDOMBTH S 2 L LIFFAMETH 2 2 L 2REHE L, (Prove
the following: « is a solution to the system of linear equations defined by the
augmented matrix A if and only if « is a solution to that defined by the augmented

matrix B.)

3. 4781 A ZARRBRBATIN & § 2N —RITBEADMEEZFFO L E. d 2 a,b,c TE
¥, (Express d by a,b and ¢ when the system of linear equations defined by the
augmented matrix A has at least one solution.)



Page 2 of 2
Division: ID#: Name:

4. 3 TROFEM % d D3t TR, A ZISRBBATHN & § 28— KITERDOME ¢ %
K& X, (Suppose d satisfies the condition in Problem 3. Find the solution @ of the
system of linear equations defined by the augmented matrix A.)

5. 3 TROFEM2 d DT, A 2 REBUTH & 5 AR EN—RITHRADMR y
%z K& X, (Suppose d satisfies the condition in Problem 3. Find the sotution y of
the homogeneous system of linear equations whose coefficient matriz is A.)

6. FDITH D O Tl HIULKD K, BiTFUIBWEHZIAX X, (Find the inverse

of the matrix D if any. If there is no inverse, justify your answer.)

1 -1 -1 1
31 1 1
D= 2 -1 -1 1
1 2 3 1

Message fifl (BIZH &9 %) 1 (a) MFICTOWT, KEICOWT, FHHTOWT,
(b) 22 EFTDIDEFHEIZONVT,



Solutions to Midterm (Tues. Oct. 15, 2002)

n

1 1 1 1 a 1111 a T1 ”
1 -1 1 -1 0101 %2 T ’

pu pu 2 pu— pu—
A=11 1 0 e BT o0 e 0T YT
3 1 1 —1d 01 1 2 3 4 ?
5

L 4780 B &, 1750 A IZATICBd 2 AL 2 b2 i L TRONbDTH 5,
B =CA &% % 4 XALg (IEAD) 1751 C Z3K® X, (The matrix B is obtained
by a sequence of elementary row operations to the matrix A. Find an invertible
(nonsingular) matrix C' of size 4 such that B = C'A.)

1 1 1 1 a 1 00 0 1 0 0 ©
0 -2 0 -2 b—a -1 10 0 0 - 0 o0

_ — — 2
E= 0 0 -2 -2 c¢c—a , 5= -1 010 ’T_'() 0 —3 0
0 -2 -2 —4 d-3a -3 0 0 1 o o o -1

2

BB E LT, ADE 2700 117251 &, B3 oH 17251 &, H4fT
OB UTD3IBEEI LT E Mo s, B RELE LT E DH2, 3, 41T
IZ —1/2 2013 % £4790 B 2155, H—BIEIATI S 2 A IXEP o5 2 LI
L0 EPRoNs ZteEKRL, BBEMEITIT 2 EICEPOTAH I EICK
DfEoNns56, B=TE =T(SA) = (TS)A, L7 >7T, C =TS L 9tuF &k
VW, FETORFZHVLEISIKTDLIICES,

1 0 0 0
-1 0 o0
C=|% 2 (1)
10 -1 0
P00
= P(4-3)P(3;—3)P(2—3)P(4,1;=3)P(3,1; ~1)P(2, 1; -1). (2)

C FAETA DR T o ufTHIc 2 D £, FEFE
C™'=P(2,1;1)P(3,1;1)P(4,1;3) P(2; —=2) P(3; —2) P(4; —2)
ERDFT, HlHEO»h T,
S =P(4,1;-3)P(3,1;—1)P(2,1; 1), T = P(4; — 1) P(3; =}) P(2; - 1)

EBoTVET, S ORPICEINS 3 DDHEARTINZ A (HEZ Atz T LR
DFEFIIFEL) T T OFRICBIN D 3 DDIEAITHI b AT, T, C=5T T
Li9)2? TITHDT CUSHZS B=CA 27 TRLETINEH 5 TL & 9
2% (As a first step, subtract the first row from the second and the third row, and
subtract three times the first row from the fourth row, one can obtain the matrix
E. As a second step, multiply —1/2 to the second, the third, and the fourth row,
one obtains B. The first step can be made by multiplying the matrix A by S from
the left, and FE by T as the second step. Thus B =TE = T(SA) = (T'S)A. So we
may take C' = T'S as in (1). C also can be expressed as a product of elementary

matrices. See (2). What can we obtain if we start from [A, I] and end up with
[B, X] for some matrix X7)



2. x 3 A ZIKRBRBATIN E § 2. —RITHEARDIETH 2 2 & &, o W% B ZIKRIREL
T T 2N —RXGEXDMEETH S 2 L LIFFAETH 2 2 & ZiEHE X, (Prove
the following: a is a solution to the system of linear equations defined by the
augmented matrix A if and only if x is a solution to that defined by the augmented
matrix B.)

1 1 1 1 1111 a a

1 -1 1 -1 0101 b | 5
A=ty BT oo et T e
31 1 -1 011 2 d ga—d

2

£9%, Bi=CA, f=CelliEETH L, C PHHTHITH S T L6, WA
CrzlEPedIsE, C'B=A. Clif=e LD ET, ¥ A ZIKRIREBAT
G 5 READOETHE I LiF, Az =e EERTIEDTEET, FRIC
LT, oD B ZIKREATH & T N, RITHERDBETH S I LiE, Biz=f,
T.Axz=e T2, WU CZEDPSPITT, Bijx =CAx=Ce = f, ¥,
Bix=f LIRET 2 MU C ZEPoPITT, Alx=C'Bie=C"1'f=e
b, TOZLE, Alx=e < Bz =f ZH%T 5, (Let Ay, By, e, and f
be as above. Then we have B; = C'A;, and f = Ce. Since C' is nonsingular,
C™1B; = A, and C7'f = e. Now x is a solution to the system of linear equations
whose augmented matrix is A is equivalent to have A;x = e. Similarly, for B,
Byx = f. Now we have the following.

Ax=e=CAlix=Ce=DBix=Ff=C'Bie=C"'f=> Az =e.
Thus we have shown the equivalence.)
3. 4151 A ZIRRBREATIN E § 2. KRG BRADBMR 2RO L E, d Z a,b,c TK

¥, (Express d by a,b and ¢ when the system of linear equations defined by the
augmented matrix A has at least one solution.)

A — B ITHET TTICB T 2 AL 2 fi §,

1111 a 1010 o 100 —1 e
o101 e o101 e 010 1 e
0011 == 0011 %= 001 1 o
00 1 1 2a+2b—d 000 0 a+b42rcfd 000 0 a+642rcfd

EDEIH SREBATINDOREEIZ 3, IERBBATIIDOREE S 3 L4825 70DITId, a+
b+c—d=0TRINEEoLVDr56, d=a+b+c &% %, (Observe the last
matrix in reduced echelon form. The condition for a system of linear equations to
have a solution is that the rank of the augmented matrix coinsides the rank of the
coefficient matrix. The rank of the matrix consisting of the first four columns is
three. So in order for the rank of the whole matrix to be three, a +b+c—d =10 or
d=a+b+c)



4. 3 TROLFEM%Z d 23T TR, A ZIRBRBATI & § 238 —RGTHEADME « %2
K& X, (Suppose d satisfies the condition in Problem 3. Find the solution @ of the
system of linear equations defined by the augmented matrix A.)

1 S+ HTC 1 bzc

_ To B —54+ a;b B -1 agb
T = - a—c = s + a—c
T3 —s+5° -1 5

Ty s 1 0

s IFHHZ%L, (s is a free parameter.)

5. 3 TROEM%z d D3t T, A 2 REATS &3 2 AR EN—RKITEADME y
%z K& X, (Suppose d satisfies the condition in Problem 3. Find the sotution y of
the homogeneous system of linear equations whose coefficient matriz is A.)

Y1 5 — bi;t 1 —%
Y2 —S — GT_bt -1 —GT_b
y=|ys |=| —s—Ft|=s-| -1 |+t | =%
Ya S 1 0
Ys t 0 1

st IFHMEEL, 4 £ 5 DERIZE I BTV ETL &I D, 4135 ORI ZAGG L
LTRODSNFERAD, (sandt are free parameters. In this case the unknowns cor-
responding to the last two columns can be chosen for free paremeters. x1, xo, x3, 4

in the previous problem can be obtained from ¥y, ¥, y3, y4 if we take a special value
for t. What is it?)

6. FOITH D DHETIRHAUTKD X, LF U VB2 X, (Find the inverse
of the matrix D if any. If there is no inverse, justify your answer.)

1 -1 -111000 1 -1 -1 1 1 000
31 1 10100 _|0 4 4 -2-3100/_
2 -1 -1 10010 01 1 -1 -2010
1 2 3 10001 0 3 4 0 —-1001
100 0 —-10 1 0 100 0 —-10 1 0
000 2 5 1 40| 0104704 -1|
011 -1-2010 001 3 5 0 -3 1
001 3 5 0 -31 000 2 5 1 -4 0
1000 -1 0 1 0 -1 0 1 0
0100 3 2 —4 -1 o3 2 -4 -1
0010 =2 2 3 1 |0 E2TDT=)5 5 g5
0001 2 5 =20 2 2 =2 0



QUIZ 5 (Due at 1:30 p.m. on Fri. Oct. 18, 2002)

Division: ID#: Name:

1L WESN p = (7,2,5,6,1,3,4) DBWELE ((p) & ZDFFT sgn(p) ZKD X, (Let
p=1(7,2,5,6,1,3,4) be a permutation. Find the number of inversions ¢(p) and its
sign sgn(p).)

2. ROITHNADEZ KD K, (Evaluate the following determinant.)

2 6 7
det| -1 -3 1
5 8 10

3. R wIHZ 7 L THA 25801 X, (Add missing terms to equate the following.)
a; ag Qg3 Qg
by by by by

C1 Cy C3 (4

dy dy ds dy

det = a1b203d4 — CL1()2d3€4 — a1C2b3d4 —+ CL1C2d3b4 -+ a1d2b304

—a1d20364 — b1a203d4 + b1a2d304 + b1€2&3d4 — b162d3a4 — bld2a304 + b1d203a4

Message ff] (BIZbEIZ) ) —NWHEERMADTEZ L6, ZOfh, I THEIH Z,



Solutions to Quiz 5 (Oct. 18, 2002)

1L WES p = (7,2,5,6,1,3,4) DBWELE ((p) &ZDRFT sgn(p) ZKD K, (Let
p=1(7,2,5,6,1,3,4) be a permutation. Find the number of inversions ¢(p) and its
sign sgn(p).)

P = (j17j27j3aj47j57j67j7) = (772a5767 173a4) ‘f\“g—b)g\

Up) = £((7,2,5,6,1,3,4))
= H(rs)|1<r<s<7, j.>Jjs}
= {(1,2),(1,3),(1,4),(1,5),(1,6),(1,7),(2,5),
(3,5),(3,6),(3,7),(4,5), (4,6), (4, 7)}|
= 13.
sgn(p) = (-1 = (-1)¥ = -1

HAELK LT p DEMZEBT 20D, ThbE 1DRMNIT7, 2D M2, 3DF
IZ5, ooy TONITADRDE)BRBDZENT T, WAVALRLDIMENET

D, BEOBORKIZ 13AKLERDET, 20X RLDEENE T, HERIK
D13 RIEZDT 0 3,

2. ROITHNADEZ KD X, (Evaluate the following determinant.)

2 6 7
det | =1 -3 1 | =-60+ 30— 56+ 105— 16 + 60 = 63.
5> &8 10

3. R wIHZ 7. L THA 2580+ X, (Add missing terms to equate the following.)
a; QAo Q3 Q4
by by b3 by

Ci Cy C3 (4

dy dy ds dy

det = a1b203d4 — albgd304 — a10263d4 + a102d3b4 + CL1d2b3C4
—aydacsby — bragesdy + brasdscy + bicaasdy — bicadzay — bidaascy + bidaczay
+cla2b3d4 — Cla2d3b4 — clb2a3d4 + clb2d3a4 + cld2a3b4 — cld2b3a4

—d1a2b304 + d1a203b4 + d1b2a304 - d1b203a4 — d102a364 + d162b3a4.

p sgn term P sgn term p sgn term
( )| +1 | +aibacsdy || ( )| =1 | —aibadsey || ( )| =1 | —aicobsdy
( ) +1 +(11€2d3b4 ( ) +1 +a1d2b304 ( ) -1 —a1d263b4
( )| =1 | =bragcsdy || ( )| +1 | +biasdses || ( )| +1 | +bicoagdy
(2341) —1 —b102d3a4 (2413) -1 —bld2a304 (2431) +1 —|—b1d263a4
(3124) (3142) (3214)
(3241) (3412) (3421)
(4123) (4132) (4213)
(4231) (4312) (4321)

+1 | +crazbsdy —1 | —craqdsby —1 | —cibrasdy
+1 | +ci1badzay +1 | +cidaaszby —1 | —cidabzay
—1 —d1a2b304 +1 +d1a203b4 +1 +d1b2a364
—1 | —dibaczay —1 | —dicoaszby +1 | +dicobsay




QUIZ 6 (Due at 1:30 p.m. on Fri. Oct. 25, 2002)
Division: ID#: Name:

Use only the following properties of the determinant.

(a) If A’ is the matrix that results when a single row of A is multiplied by a constant c,
then det(A’) = c- det(A).

(b) If A" is the matrix that results when two rows of A are interchanged, then det(A’) =
—det(A).

(c) If A’ is the matrix that results when a multiple of one row of A is added to another
row, then det(A’) = det(A).

(d) The determinant of an upper triangular matrix is the product of the entries on the
main diagonal.

1. Evaluate the following determinant and label the property (a)-(d) used in each step.
(ROITHRDfE% KD, ZNFND ATy T TEDWHE (a)-(d) 272 bk, )

Show work!!
-5 =3 -2 1
2 2 0 2|
1 2 3 0
1 -1 2 3

2. P(isc), P(i, ), P(i,j;c) THA XD 4 DHARLTHN 2R T LT 2, 5HHDGE — b
ZH, Zo e, THRICBET 2 ROEXZEEIIE X, (Let P(i;¢), P(i,j), P(i, j; ¢)
be elementary matrices of size 4 introduced at Lecture 5. Prove the following for-
mula.) [Hint: Consider the relation between elementary matrix multiplications and
elementary row operations.|

|P(2;a)P(1,3)P(2,4;b)P(3,4)P(3; ¢) P(2,3;d) P(3, 1;¢) P(1,2) P(1, 4; f)| = —ac.

Message il @ TR L 7oA - Wy - 25467 - N - SR E, BRDMZATHFI Vv,



Solutions to Quiz 6 (Oct. 25, 2002)

Use only the following properties of the determinant.

(a) If A’ is the matrix that results when a single row of A is multiplied by a constant c,
then det(A’) = ¢ - det(A).

(b) If A" is the matrix that results when two rows of A are interchanged, then det(A’") =
—det(A).

(c) If A" is the matrix that results when a multiple of one row of A is added to another
row, then det(A’) = det(A).

(d) The determinant of an upper triangular matrix is the product of the entries on the
main diagonal.

1. Evaluate the following determinant and label the property (a)-(d) used in each step.
(RDOIINADEZ KD, ZNENDAT v 7 TEDWH (a)-(d) Zflio>72bElE, )

Show work!!

-5 -3 =21 1 -1 2 3 1 -1 2 3
2 2 0 2lw |2 2 0 2|w [0 4 —4 —4
1 2 3 0| 1 2 3 0| 0 3 1 -3
1 -1 2 3 -5 -3 =21 0 -8 &8 16

1 -1 2 3 1 -1 2 3

(@ 001 —1 <1|@a |0 1 -1 —1|@

= 32 0 3 1 _3 = 32 00 4 0 128.

o 1 -1 -2 o 0 0 -1

2. P(isc), P(z’ 7), P(i,j;¢) THA X034 OEAITHNZET 55, 5HHDHE — F
2, Zo e E, THRICBT 2 RDOEXZEEIE K, (Let P(i;¢), P(i, ), P(i, j; ¢)
be elementary matrices of size 4 introduced at Lecture 5. Prove the following for-
mula.) [Hint: Consider the relation between elementary matrix multiplications and
elementary row operations.|

|P(2:a)P(1,3)P(2,4;0) P(3,4)P(3;¢)P(2,3:d)P(3,1;¢) P(1,2) P(1, 4; f)| = —ac.

(d) &0 |P(1,4; )| =1, P(1,2)P(1,4; f) \Z P(1,4; f) DIT % AURZ 72 b DD 5
(b) &0 |P(1,2)P(1,4; f)| = —|P(1,4; f)] = — 1., m‘% LTHEZB L, P(3,15e).
P(2,3;d) ZED 502175 Z &1 (¢) ITHIET 5706 206 20 THITHIHDfER
b o\, P(3;c) Tl e ffITk D, P(3,4) TlE —1 ffic, P(2,4;0) TIIZEDS
T, P(1,3) TIRE 5T -1 %, P(2;a) TI& a 5706, SEREMEKE LT, P1,4;f)
DITHNAD —ac 5 & 02706 FHADIRY LD, WD 5 RE T THTRD S Z
ELTEET, RUIDAT Y 77T (b) &2 31, (c) % 1HflioTwE T,

0 0 0 1 a ade+ abce ad+ abc af

a ade+ abce ad+abc af | 0 1 0 0|

0 1 0 0~ |0 0 ¢ 0o |- %
0 ce c 0 0 0 0 1



QUIZ 7 (Due at 1:30 p.m. on Fri. Nov. 1, 2002)
Division: ID#: Name:

1. A, B,C Z nXIESif7ilET%, AB=C TCOC iz AS B HH[WiThs
Z &zt X, (Suppose AB = C, where A, B, and C' are square matrices of size
n. Show that if C' is invertible, then both A and B are invertible.)

2. I, Z n RPLATIN, J, & n RIESATHITRADBITNT 1 DD ET S, x 2FM
&9 %, (Let I, be the identity matrix of size n, and let J,, be the square matrix of
size n such that all entries are 1. Let z be a real number.)

(a) det(zly — Jy) DEZ KD K, (Evaluate det(zly — Jy).)

by n>1&5LE, det(zl,—J,) =0 &85 0z Z2TXNTRKD K, (Find all =
satisfying det(zI, — J,) = 0 for a fixed n > 1.)

Message il : ICU Z 2 A ZHH, Zofiffcd &9 %,



Solutions to Quiz 7 (Nov. 1, 2002)
Division: ID#: Name:

1. A, B,C % nRIENTHET S, AB=C TC i s Ad B HHHTH S
Z & ZGEHYE X, (Suppose AB = C, where A, B, and C' are square matrices of size
n. Show that if C' is invertible, then both A and B are invertible.)

AB=C £7 %, CIHMREICE D AGEZED S det(C) # 0, MADITHAZEZ 5 L
det(A) det(B) = det(AB) = det(C) # 0.

L7eh3o T, det(A) #0 2> det(B) #0, £83%&D Ab BIu[ifiths, %5
IV AB=1%0IFAb BUWTBA=1Tho7, ThzHwiu, AB =
DEGAIZAE»S CF ), [ = (AB)C™' = A(BC™') L&d>T, A & BC-
DT, I =(BCYHYA=B(C'A) THHZ DD %, TNLDFELCRICKS
T, BYHHITHS I L3bh 5,

5.3
C
1

2. I, & n RALATHN, J, 2 n RIETATHITIRA DT RT 1 Db D ET 5, v Z2FH
&9 %, (Let I, be the identity matrix of size n, and let J,, be the square matrix of
size n such that all entries are 1. Let x be a real number.)

(a) det(zly — Jy) DIEZ KD X, (Evaluate det(zly — Jy).)
by n>1&$5LE, det(zl,—J,) =0 %2 2 ZdXNTKD K, (Find all z
satisfying det(zI, — J,) = 0 for a fixed n > 1.)

(a), (b) ZFARFICHEL 72— D n IKOVTEZ B,

r—1 -1 —1 —1 T 0 0 -

-1 -1 -1 —1 0O =z O —x
det(zl, — J,) — —1 -1 z—1 --- -1 _ 0 0 =z —x

-1 -1 -1 z—1 -1 -1 -1 r—1

zx 0 0 0

0 0 0

= 00w 0 = 2"z —n).
-1 -1 -1 r—n

Step 1: %47 (T 122647 n—1) 6EnfT2 0L,
Step 2: %51 Fl1 22565 n—1) ZHn IR T,
Step 3: TR=ATHOITHIIE N AT DETH %,

(a)n=4 &T5L, det(zly — Jy) = 23(x — 4),
b) 2" Yz —n)=0&D z2=0%7%lFz=n 2155,

TlE, x #0,n DL F FHTINIHHRICHOL D £ 3D,




QUIZ 8 (Due at 1:30 p.m. on Fri. Nov. 8, 2002)
Division: ID#: Name:

FO A @, b IR LTER Az — b 252 5, Quiz 6 TRd# X JIC [A] = —128 TH
%, (Consider the equation Az = b. You may use |A| = —128 found in Quiz 6.)

5 -3 21 7 1
2 2 o0 2 e G
A=117 9 3 0l || 7 4
1 -1 2 3 4 -3

1. A o258 35 BY L Clbde &, EBAICHIN 2 701D filid kD 7% { T
&\, (Expand the determinant of A along the third column. Don’t evaluate the
determinants in your expression.)

2. A71 D (3,1),(3,2),(3,3),(3,4) HazRETZHWTRD X, 70X 8H 6 b1
253 ZDEL RKOFELE LTEZ X, (Find (3,1),(3,2),(3,3), (3,4) entries of
A~ using cofactors. Evaluate determinants involved as well.)

3. x3-|A| DfEiz Cramer OER Z W TITAIATRE, 1D fEZ KDL TE
V3, (Apply Cramer’s rule to express z3 - |A| using a determinant. Don’t evaluate
the determinant.)

4. x5 Dz RO X, (Evaluate x3.)

Message il : 21 A ICE T 2 RADMM I TL & )% ZOMAITH &9 2,



Solutions to Quiz 8 (Nov. 9, 2002)
1. A o A %25 35ICB L TERE X,

|A| = asja13+ azoa23 + a33a33 + 434043
2 2 2 -5 -3 1 -5 =31
= —-2-/1 2 0]|4+3-] 2 2 21-=2-| 2 2 2
1 -1 3 1 -1 3 1 2 0
2. A7P D (3,1),(3,2),(3,3),(3,4) 3z RAFZHTRD X,
A_IIB:[Z)Z’J‘] kj_%o
2 2 2 0 —2 2
1 2 0 1 2 0
1 -1 3 0 -3 3
b31 — (—1)4 - :0
|A| Al
-5 -3 1 0o 7 1
1 2 0 1 2 0 B 7 1
bo — (cipl L 131 Jo 33| -3 3| -4 3
32 = A - Al - Al T 128 16
-5 -3 1 0 —8 16
2 2 2 0 4 -4 -8 16
by = (cppl L L8l 11 3| [ 4 4] -8 1
B8 Al - Al T 4] —128 4
-5 -3 1 0o 7 1
2 2 2 0 -2 2 7 1
b—(1)71 20_120_—22_16_1
L Al B Al B A —128 8
3. 3+ |A| D% Cramer OEELZ VT TEAE,
-5 -3 1 1
2 2 -6 2
wolAl=1 7 5 4
1 -1 -3 3
4. 3 DfEZ KD X,
-3 1 1 7
= (A7D), = —6- 4. _3. - 6. —— 1 4.-_-3.-="_
T3 ( )3 b371 6 b372+ b373 3 b374 6 16 + A 3 3 4
-5 -3 1
ST 18] 1 2 4 Ty

1
2
0
1 -1 -3 3
t

BEOITHIAZRD B DIC, HWIFITEIT 2 &2k, EOXEFATICRD 9,



