Solutions to Take-Home QUIZ 5 (0ctober 12, 2007

Let A be the 4 x 4 matrix given below and B the submatrix that remains after 1st
row and 2nd colum are deleted from A.

?8—11 —03 L -1 -3

A= ., B=10 1 1
0 -2 1 1 L1 1
1 0 —1 —1

Let M; ; be the minor of the (7, j) entry of A above, i.e., the determinant of the submatrix
after ¢th row and jth column are deleted from A. In particular, M, » = det(B).

1. Find adj(B), the adjoint of B. (Not adj(A)/)
Sol. Let m,; ; the minor of the (7, ;) entry of B. Then

1 1 0 1
mi 1 =d€t< 1 1 ) =1(—-1)— (-1)1 =0, m1’22d6t< 1 1 ) = 1.
Similarly, m1’3 = —]_, m271 = —2, m2’2 = 27 m2’3 = 07 m3’1 = 27 m372 — ]_7 m373 — ]_
Hence
myy  —mis mis |0 [0 1 —17" 0 2 2
adj(B) = | —ma1  maa  —Mag3 =12 2 0 = 1 2 -1
m31 —M3z2 M33 2 -1 1 -1 0 1

2. Find det(B) and determine whether or not the matrix B is invertible.

Sol.
1 -1 -3 0 2 2 2 00
det(B)-I=B-adj(B)=|0 1 1 1 2 -1]|=|020
1 -1 -1 -1 0 1 0 0 2

Hence det(B) = 2 # 0. So B is invertible. Actually B~ = adj(B).

3. Express det(A) by the cofactor expansion along the 1st row using minors M, ;.

Sol. Let C;; be the cofactor of the (i,j) entry of A. Then C;; = (=1)"7M, ;.
Hence

det(A) = a11C11 + a12C1 2+ a1 3C1 3 = 3My 1 — 2My o + M, 3.

4. Express det(A) by the cofactor expansion along the 2nd column using minors M, ;.
Sol.
det(A) = a12C1 2 + 22022 + a32C59 + a42Cs 0 = —2M; 5 + 2Ms 5.

5. Find det(A).
Sol. Use the formula in 4. Since M; 5 = 2, it suffices to find M;,.

3.1 0
det 1 —1 —f =3((=1)(=1) = (=1)(=3)) = (1(=1) = (1)(=3)) = =8,

Hence det(A) = 2M; 5 +2M3zo = —2-2+ 2 - (—8) = —20.



