SOlU.tiOHS tO Take-Home QUiZ 8 (November 2, 2007)

1. Let m = (5,2,6,8,4,1,3,7) be a permutation. Find the number of inversions ¢(7)
and its sign sign(m).
Sol. (5,2),(5,4),(5,1),(5,3),(2,1),(6,4),(6,1),(6,3),(8,4),(8,1),(8,3),(8,7),
(4,1), (4,3) are inversions. Hence ¢(7) = 14 and 31gn( ) = (=1) = 1. Therefore 7
is an even permutation. [ |

2. Add missing terms to equate the following.

a1l Q12 @13 a4
a1 Q22 G23 a24
as,1 a2 a33 34
as1 Q42 Q43 Q44

+a1,102,4032043 — (1,102 403 3042 — G1 202,103 304 4 + 41,202,103 404 3 + 41,202 303,104 4

=01,1022033044 — (1,102,203 4043 — 01102303204 4 + 01,102,303 4042

—a1202303404,1 — 012024031043 + 012024033041 + 013021032044 — (1 3021034042
—01,302,203104 4 + 01302203 4041 + 013024031042 — (13024032041 — 01,402,103 2043
+01,402,103 3042 + 014022031043 — 01,402,203 3041 — 0140230310442 1 01 402 303 204,1.
The missing permutations and their number of inversions are ¢(3,2,1,4) = 3,
0(3,2,4,1) = 4, £(3,4,1,2) = 4, £(3,4,2,1) = 5, £(4,1,2,3) = 3, £(4,1,3,2) = 4,
0(4,2,1,3) = 4, 0(4,2,3,1) = 5, £(4,3,1,2) = 5 and ¢(4,3,2,1) = 6. Thus the last

two lines above are missing terms. [ ]

3. Find all A such that (Al — A)x = 0 has a nontrivial solution, i.e.,  # 0, where

0 1 0 T 0
A= 0 0 1|, z=|22|,0=1]0]. Show work!
—18 15 4 T3 0

Sol. (M — A)x = 0 has a nontrivial solution if and only if A/ — A is invertible by
Theorem 5.1 (1.5.3). Moreover A\I — A is invertible if and only if det(A\] — A) =0
by Theorem 8.3 (2.3.3). So we compute det(A] — A).

A -1 0
detAM —A) = | 0 X =1 |=X\—4)+18—15)\
18 —15 A —4
= N =4\ - 150+ 18 = (A — 6)(\ — 1)(\ + 3).
Hence (A — A)x = 0 has a nontrivial solution if and only if A = 6,1 or —3. [
1 1 1 1 1 1
Letvi=|1|wvo=| -3 |,v3=| 6 |, and T =[v,v2,v3]=|1 -3 6
1 9 36 1 9 36
Then Avq = v, Avy = —3vy and Avs = 6v3, and
0 1 0 1 1 1 1 1 1 1 0 0
AT = 0 0 1 1 -3 6 [=]1 -3 6 0 -3 0|=1TD,
—-18 15 4 1 9 36 1 9 36 0 0 6

where D is a diagonal matrix with diagonal entry 1, —3, 6. T is invertible as its determi-
nant is a Vandermonde type and T~'AT = D.



