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3 1 0 1
Let A=]1 2 1 and e=| 0 |.
0 1 3 0
1. Find the characteristic polynomial p(z) and all eigenvalues of A. (Solutions only!)
Sol. p(z) = 2® — 82 + 21z + 6 and eigenvalues are 4,3 and 1.
r—3 -1 0
det(z] — A) = -1 -2 -1 |=(@-3*2—-2)—2xz-3)
0 -1 x-3

= (z—-3)(2*=b52+6—-2)=(x—4)(z—3)(z —1).

2. A is invertible. Why? (Use p(z) only.)
Sol. Since p(0) # 0, 0 # det(—A) = (—1)>det(A). Hence A is invertible.
3. Find an eigenvector corresponding to each of the eigenvalues of A. (Show work!)

Sol. Let vy, vs,v3 be eigenvectors corresponding to 4, 3, 1 respectively.

Since each row sum is 4, if v; = [1,1,1]7, Av; = 4v;. and v; is an eigenvector
corresponding to 4.
0 -1 0 0] 1 -1 1 0 1 01 0] [ -1
-1 1 -1 0|—=(0 1 0 O0O|—=10100/|,vo=1] 0 |.
| 0 -1 0 0 ] 01 0 0 00 0 0 1
[ -2 -1 0 0] 1 1 1 0 1 0 -1 0] !
-1 -1 -1 0|—=1]0 1 2 0 01 2 0],v3=| —2
| 0 -1 =2 0 | 12 1 0 0 00 0 0 !
4. For a nonnegetive integer n, find A"e. (Show work!)
Sol. Set r1v1 + x9vy + x3v3 = €. Then
1 -1 11 1 -1 1 1 10 1 3§ 100 5
1 0 =20 01 0 —-2|—=|010 —1|—=|010—3].
11 10 01 -3 -1 00 -3 —3 001 ¢
Thus 1 = 1/3, 29 = —1/2 and 23 = 1/6 and e = é(2'v1 — 3vs + v3). Hence
1 1 1 -1 1
A"e = —A"(2v; —3va+v3) = [2-4" | 1| —=3-3"| 0 | +1"| =2 |]|.
6 6 1 1 1

Alt. Sol.  Let T = [vy,v9,v3]. Then T7T = diag(3,2,6). Hence T~ ! =
diag(1/3,1/2,1/6)TT. Therefore if D = diag(4,3,1), then T-'AT = D. So

1 -1 1 0 0 13 1/3 1/377[1
1 0 —210]0 3 o] -12 0o 12]]0

A"e TD"T 'e =

1 1 1 0 0 In 1/6 —2/6 1/6

L[ 2. 4n L [ 2443341
= .1 0 -2 -33|==. 2.4 — 2
6 | 6

1 1 1" 2-4"—-3-3"+1




