Take-Home QHIZ ]_ (Due at 7:00 p.m. on Fri. September 10, 2010)

Division: ID#: Name:
Let us consider the following system of linear equations in 6 unknowns x1, zs, . .., Ts.
—2x1 + 229 + 523 + 414 — 925 — 1026 = —13 1 -1-2-1 1 3 7
-1+ T2+ 3513’3 + 333'4 — 8.%5 — 71’6 = —6 B— 0 0 1 2 =7 —4 1
201 — 29 — 4x3 — 1wy — 3w5 +4wg = 14 - 2 -2 -4 -1-3 4 14
I —I2—2$3—I4+l’5+31’6 = 7 —2 2 ) 4 -9 —-10 —13

1. Find the augmented matrix A of the system of linear equations above.

2. The matrix B is obtained by applying elementary row operations twice to the aug-
mented matrix A. Write the elementary row operation using the notation [i; ¢|, [7, j],
or [i,7;cl.

3. Find the reduced row echelon form of the augmented matrix A. (Solution only.)

4. Find the solution of the system of linear equations. Use parameters if necessary.
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SOllltiOIlS tO Take-Home QUiZ ]_ (September 10, 2010)

—x1+ 2o+ 33 +3x4 —8x5 —Txg = —6 B_ 0O 0 1 2 -7 —4 1
211 — 209 — Ax3 — x4 — 315 + 41 = 14 2 -2 —4 -1 -3 4 14
Ty — Ty — 203 — T4 + T5 + 3x6 = 7 -2 2 5 4 -9 —-10 —13

1. Find the augmented matrix A of the system of linear equations above.
Sol.
—2 2 5) 4 -9 —-10 -—-13
-1 1 3 3 -8 -7 -6
2 -2 -4 -1 -3 4 14
1 -1 -2 -1 1 3 7

A:

2. The matrix B is obtained by applying elementary row operations twice to the aug-
mented matrix A. Write the elementary row operation using the notation [i; c], [7, j],
or [i,7;cl.

Sol. First apply [1,4] and then [2,1;1].
3. Find the reduced row echelon form of the augmented matrix A. (Solution only.)

Sol. Apply the following consecutively in this order:

Then we have

1 -1 0 O 2 19
0 0o 1.0 3 01
0 0 01 -5 -2 0
0 0O 00 0 00

e There are many ways to obtain the reduced echelon form but the final matrix
should be the same. When can we change the order of operations and when
cannot?

e Starting from the reduced row echelon form above, is it possible to obtain the
matrix A back again by applying elementary row operations? Can you find
the sequence of such elementary row operations from the one we obtained the
reduced echelon form from A with a slight modification?

4. Find the solution of the system of linear equations. Use parameters if necessary.
Sol.

Ty = 94+s—2t—u T 9 1 -2 —1
T9 = S Ty 0 1 0 0
r3 = 1-—3t T3 1 0 -3 0
v = 5t+2u SR I e O IR O R B R
rs = t x5 0 0 1 0
Te = U | T6 | L 0 ] L 0] L 0 L1

s,t and u are parameters.



Take-Home QHIZ 2 (Due at 7:00 p.m. on Fri. September 17, 2010)
Division: ID#: Name:

Let L, T and C be matrices given below.

010 11 1
L=|622|, T=|62 —2|, C=
034

9 -3 1
1. Compute the product LT. (Show work!)

W N =
o = O

2. Find the reduced row echelon form of C.(Show work! Write operations as well in
[is c], [1, 7], [¢, 7; ¢] form.)

3. Compute T7'LT. (Show work!)

Message ]I 00000000000000000000000O0OOO [HPOOOO
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SOllltiOIlS tO Take-Home QUiZ 2 (September 17, 2010)

Let L, T and C be matrices given below.

010
034

. Compute the product LT. (Show work!)

o = O
_ o O
|

11 1
6 2 -2, C

9 -3 1

Sol.
010 11 1 0+6+0 0+2+0 0—2+4+0 6 2 -2
LT=1622 6 2 2| =|6+12+18 64+4—-6 6—4+2| =36 4 4
034 9 -3 1 04+18+36 0+6—-12 0—-6+4 54 —6 —2

. Find the reduced row echelon form of C. (Show work! Write operations as well in
[is c], [1, 7], [i, 7; ¢] form.)

Sol.
11 1 100], L1 1 100] f1 1 1 100
c = |62 —=2010|%5%0-4-8-610]"5"]0 -4 -8-610
9-3 1001 9 -3 1 01 0-12 -8 —90 1
g 111 1 00] M111 10 0
B2 0 4 -8 =6 1 0| P01 2 32 —1/40
00 16 9 —31 0016 9 -3 1
Lo [ro—1-12 4 0] 0 T10-1-1/2 1/4 0
W28 o1 2 32 —140| P01 2 3/2 —1/4 o0
0016 9 -3 1 00 1 9/16 —3/16 1/16
o Jroo1/16 116 1/16] [1001/16 1/16 1/16
W 012 32 —1/4 0 | PET o010 3/8 1/8 —1/8
1001 9/16 —3/16 1/16 00109/16 —3/16 1/16

. Compute T7'LT. (Show work!)

1/16 1/16 1/161[6 2 —2 60 0
3/8 1/8 1/8”36 4 4]{02 o].
00 —2

9/16 —3/16 1/16 | | 54 —6 —2

T'LT =

Let D be the last matrix above, i.e., the diagonal matrix of size 3 with 6, 2, —2 on
the diagonal. Since the columns of LT are scalar multiples of the columns of 7" by
6,2, —2 respectively, we have

LT =TD, or T"'LT = D.

So this gives an alternate solution of this problem.

|



Take-Home QHIZ 3 (Due at 7:00 p.m. on Fri. October 1, 2010)
Division: ID#: Name:

Let A, x, b, ¢ be as follows.

21 4 0 7 by 2

o 1 0 —2 0 | X2 . bQ . 0
A= 0 -3 1 1| *= s | b= by | and e¢= 1
1 3 =2 1 T4 b4 3

1. Find a sequence of elementary row operations that transform [A | I] to a reduced
row echelon form. (Use [i;¢], [i,j] and [z, j; ¢] notation.) (Show work!)

2. Write A as a product of elementary matrices P(i;c), P(i,7), P(i, j; ¢).

3. Show that for a given b, Ax = b always has a unique solution.

4. Find the solution x of an equation Ax = c.

Message 1000 000000200000000000000000[HPOOOO
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Solutions to Take-Home QUiZ 3 (October 1, 2010)

Let A, x, b, ¢ be as follows.

21 4 0 7 by 2
o 1 0 -2 0 | T2 o bQ . 0
A=l 31 —1| &= 4| o= e @ oe=1y

1 3 —2 1 Ty b4 3

1. Find a sequence of elementary row operations that transform [A | I] to a reduced
row echelon form. (Use [i; ], [¢,j] and [i, j; ¢] notation.) (Show work!)

Sol. [A|]]

1 0O -2 0 0100 1 0 -2 0 0100
(1,2] -2 1 4 O 1 00 O |puyy|0 1 0 0 1 2 00
— —
O -3 1 -1 0010 O -3 1 -1 0010
|1 3 =2 1 00 0 1| 1 3 -2 1 0001
1 0 -2 0 0 1 0 07 1 0 -2 00 1 00
[4,1;—1] 0 1 o o0 1 2 O0OO0O|Bsy|0O1T O O1 2 0O
— —
O -3 1 -1 0 0 10 00 1 00 -111
L0 3 0 1 0 -1 0 1 | 03 0 1 0 —-1 01
1 0 -2 0 O 1 00 1000 0 -1 2 2
[4,2:-3] 01 0 0 1 2 0 0|p322(0 1 00 1 2 00
00 1 0 0 —-111 0010 0 —-111
L0 0 0 1 -3 =7 01 0001 -3 —-701

2. Write A as a product of elementary matrices P(i;¢), P(i,7), P(i, j;c).
Sol. Since A~ = P(1,3;2)P(4,2; —3)P(3,4; 1) P(4, 1; —1)P(2, 1;2)P(1,2),
A = P(1,2)7'P(2,1;2) ' P(4,1; -1)"tP(3,4;1) ' P(4,2; -3) ' P(1,3;2) "
— P(1,2)P(2,1;—2)P(4,1:1)P(3,4; —1)P(4,2; 3)P(1,3; -2).

3. Show that for a given b, Ax = b always has a unique solution.

Sol. Since A is invertible, A~! exists and if we set £ = A~'b, then
Ax = AA'b=1b=0b.

Hence A~'b is a solution. Moreover, if Az = b, then x = A~'Ax = A~'b and x is
uniquely determined. Thus Az = b has a unique solution A~!b. [

4. Find the solution @ of an equation Ax = c.
Sol. As above,

0 -1 2 2712 8
o |t o2 00]0o| | 2
c=A"e= o 1 |]|1]7] 4
3 70 1]]3 —3



Take-Home QHIZ 4: (Due at 7:00 p.m. on Sat. October 9, 2010)
Division: ID#: Name:

Let A, &, b and B be the matrices given below.

-35 0 1 1 _13;)_123
A= 2 1-1|, z=|2|, b=1]2|, B=

o 3 5 21 2 -1

3 ~12 3 3

1. Determine det(A) by cofactor expansion along the third column.

2. Find adj(A). (Solution only!)

3. Use Cramer’s Rule to express x3 as a quotient of two determinants for the equation
Az = b, and evaluate z3. (Solution only!)

4. Express det(B) by the cofactor expansion along the first row writing each of C; ; as
a determinant. (Don’t evaluate the determinant involved in C; ;.)

5. Find det(B).
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Solutions to Take-Home QUiZ 4 (October 9, 2010)

Let A, &, b and B be the matrices given below.

35 0 7 1 e
A=|21-1|, z=|22|, b=|2|, B=
19 3 3 21 2 —-1
s 12 3 3
1. Determine det(A) by cofactor expansion along the third column.
Sol. det(A) = A17301’3 + A2730273 + A3730373
2 1 -35 -3 5

—0(_1)1+3 1Y (_1)2+3 _1)3+3 . 1_20— _
=0(-1) _12‘—1—( 1)(—1) _12‘—#3( 1) 9 1‘— 1 —39 = —40.

2. Find adj(A). (Solution only!)

Sol. C;; = (—1)"" M, ; and M, ; is the determinant of the submatrix that remains
after the ¢th row and jth column are deleted from A.

e
2 3 23 1 -1
Ci1 Cop Csy 9 _1 230 3 0 5 —15
adj(A) = | C12 Cog Csy | = —‘_1 3‘ ‘_13‘ —‘ 9 _1‘ =| -5 =9
Cig Co3 Cs3 5 1 3 5 o 5 1
REH R N

3. Use Cramer’s Rule to express x3 as a quotient of two determinants for the equation
Az = b, and evaluate z3. (Solution only!)

Sol.

351
2 12
-123 -32 4

1'3_ = = —
-35 0 —-40 5
2 1 -1
-12 3

4. Express det(B) by the cofactor expansion along the first row writing each of C; ; as
a determinant. (Don’t evaluate the determinant involved in C; ;.)

Sol. det(B) =1- 01,1 + 0- 0172 + (—2) . 0173 + 1- 0174

51 0 —35 0 —35 1
=112 -1|=2-]2 1-1|-| 2 12|[=40—2-(—40) — (=32) = 152.
23 3 -12 3 -123

5. Find det(B).

Sol. See above.

)
-3
—13



Take-Home QHIZ 5 (Due at 7:00 p.m. on Fri. October 15, 2010)
Division: ID#: Name:

Let A and B be the 5 x 5 matrices given below.

2 0 -3 1 4 a b b b b
2 2 -1 -3 2 b a b b b
A=| -3 -1 0 4 1|, B=|b b a b b
2 2 1 3 -2 b b b a b
2 -3 3 -2 4 b b b b oa

1. Find the numbers z, y and z. (Solutions only.)

2 21 3 =2
8 6 0 10 -2 g (13 100 _02 4 5 -1
det(A)=z-| 0 4 0 0 0 |=y- a1 4 1 |7F -3 4 1
-3 -10 4 1 % 0 11 10 —8 —11 10
-8 -9 0 —11 10
T = Y y: 7 z =
2. Find det(A). (Show work.)
3. Explain why the following equalities hold.
a+4b a+4b a+4b a+4b a+4b 11111
, b a b b b , b abbb
det(B) 2| b b a b b | Z(@+ab)|b b oab b
b b b a b bbb abd
b b b b a b bboba

4. Find the condition that B is invertible.
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Solutions to Take-Home QUiZ 5 (October 15, 2010)

Let A and B be the 5 x 5 matrices given below.

2 0o -3 1 4 a b b b b
-2 2 -1 -3 2 b a b b b
A=| -3 -1 0 4 1|, B=|b b a b b
2 2 1 3 =2 b b b a b
2 -3 3 -2 4 b bbb oa
1. Find the numbers z, y and z. (Solutions only.)
2 2 1 3 =2
8 6 0 10 -2 g f 100 _02 4 5 -1
det(A)=a: 0 4 0 0 0 |=y| o . o |==-3 4 1]
3 -10 4 1 5 o 11 10 ~8 —11 10
-8 -9 0 —11 10
r=-—1, y = —4, z=-8
2. Find det(A). (Show work.)
Sol.
4 > 1,2;1],[3,2;—1 I 90 1 9
det(A) = —8-| =3 4 1 | g g5y :8’22 _51‘
-8 —11 10 22 =51 0
= 8(—51 —9-22) = —8- 249 = —1992. n
3. Explain why the following equalities hold.
a+4b a+4b a+4b a+4b a+4b 11111
. b a b b b ) b abb b
det(B) 2| b b a b b |2 @t+ap)|b b oab b
b b b a b b bbabd
b b b b a b bbb a

Sol. (1) Applied the following row operations. [1,2;1], [1,3;1], [1,4;1], [1,5;1]
and the value of the determinant remains the same.

(2) Factor out a + 4b from the first row. n

4. Find the condition that B is invertible.
Sol. By applying the operations [2,1; —b], 3,1; —b], [4,1; =], [5, 1; —b], we have

11111 1 1 1 1 1
b abbbd 0a—-0 0 0 0
det(B) =(a+4b)|b b a b b|=(a+40)|0 0 a—b O 0
b bbabd 0 0 0 a—-b 0
b bbba 0 0 0 0 a-0»

= (a +4b)(a — b)*. So B is invertible if and only if (a + 4b)(a — b) # 0 if and only
ifa+4b+# 0 and a —b # 0. ]



Take-Home QHIZ 6 (Due at 7:00 p.m. on Fri. October 22, 2010)
Division: ID#: Name:

Let u, v, w and A be as follows.

u=(1,2,-1), v=(3,0,-2), w=(5-4,6), and A=

o O O
W DN =
= N O

1. Compute u X v. (Show work!)

2. Find the volume of the parallelopiped (heiko-6-mentai) in 3-space determined by
the vectors u, v, w. (Show work!)

3. Find the characteristic polynomial of A and all eigenvalues of it. (Show work!)

4. Find an eigenvector of A corresponding to its smallest eigenvalue. (Show work!)
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Solutions to Take-Home QUiZ 6 (October 22, 2010)

Let u, v, w and A be as follows.

u=(1,2,-1), v=(3,0,-2), w=(5-4,6), and A =

o O O
W DN =

=N O
I

1. Compute u X v.

Sol.
o (]2 -1
UXv= 0 9

Y

1 o1
T3 =2

1 2
- |> = (—4,-1,-6).

2. Find the volume of the parallelopiped (heiko-6-mentai) in 3-space determined by
the vectors u, v, w.

Sol. |w-(uxwv)|=]|(5—-4,6) (—4,—1,—6)| =] —20+4 — 36| = 52.
N.B. Do not forget to take the absolute value!

3. Find the characteristic polynomial of A and all eigenvalues of it.
Sol.

x -1 0
det(zl —A) = | =6 z—2 =2
0 -3 x—-4

= xz(z—2)(zr—4) — 62 —6(x —4)
= z(z—2)(r—4) —12(z — 2)
= (z—6)(x—2)(x+2), or

2% — 62 — 4o + 24.

6,2 and —2 are eigenvalues of A.

4. Find an eigenvector of A corresponding to its smallest eigenvalue.

Sol. The smallest eigenvalue of A is —2. Find a nonzero vector x satisfying

(=2)] — Az = 0 (or Az = (—2)z).

92 —1 0 0 9 —1 0 0 2 —1 0 0
{6 4 -2 0 [2’1—%3}{ 0 -1 -2 0][2;_3]{ 0 1 2 0}
0 -3 —6 0 0 -3 —6 0 0 -3 —6 0
[ 7200 2 0] 20 20] 10 -1 0
A0 1 2 o B 0 1 2 0 01 2 0

0 -3 —6 0 0 0 0 0 00 0 0

The solutions are

1 1
x=t { -2 ] (t is a parameter),  and { -2 ]
1

is an eigenvector. (You may choose any non-zero t.)

See Quiz 2. The matrix A is diagonalizable by a matrix 7" in it.



Take-Home QHIZ 7 (Due at 7:00 p.m. on Fri. October 29, 2010)

Division: ID#: Name:

Let A=

S = W

1 0 1
2 1 and e= |0
1 3 0
1. Find the characteristic polynomial p(z) and all eigenvalues of A. (Solutions only!)

2. A is invertible. Why? (Use p(z) only.)

3. Find an eigenvector corresponding to each of the eigenvalues of A. (Show work!)

4. For a nonnegetive integer n, find A"e. (Show work!)
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Solutions to Take-Home QUiZ 7 (October 29, 2010)

3 1 0 1
Let A=]1 2 1 and e=| 0
0 1 3 0

1. Find the characteristic polynomial p(z) and all eigenvalues of A. (Solutions only!)
Sol. p(z) = 2% — 82? + 21z + 6 and eigenvalues are 4,3 and 1.
r—3 -1 0
det(zl — A) = -1 -2 -1 |[=(z—-3)7%*2—-2)—2(x—3)
0 -1 z-3

= (x-=3)(2*=52+6—-2)=(x —4)(z —3)(z—1).
2. A is invertible. Why? (Use p(x) only.)
Sol. Since p(0) # 0, 0 # det(—A) = (—1)*>det(A). Hence A is invertible.

3. Find an eigenvector corresponding to each of the eigenvalues of A. (Show work!)

Sol. Let vy, vs,v3 be eigenvectors corresponding to 4, 3, 1 respectively.

Since each row sum is 4, if v; = [1,1,1]T, Av; = 4v,. and v, is an eigenvector
corresponding to 4.
[0 -1 0 0] 1 -1 1 0 1 01 0] [ —1 ]
-1 1 -1 0|—=10 1 0O 0|l—=1]0 10 O0],vo=1| 0
| 0 -1 0 0 | | 0 0 0 0 0 0 0 1
[ -2 -1 0 0] 1 1 1 0 1 0 -1 0] !
-1 -1 -1 0| -0 1 2 O 01 2 0],v3=1| —2
0 -1 -2 0 | 12 1 0 0 00 0 0] 1
4. For a nonnegetive integer n, find A"e. (Show work!)
Sol. Set z1v; + x2vy + x3v3 = €. Then
1 -1 11 1 -1 1 1 10 1 3 100 3
1 0 -20 01 0 —-4|—=]01 0 —3|—=(010 -1
11 10 0 1 -3 —1 00 -3 —3 001 ¢
Thus 21 = 1/3, 22 = —1/2 and 25 = 1/6 and e = }(2v; — 3v, + v3). Hence
1 1 1 -1 1
A"e = -A"(2vy —3ve+v3) == 24" |1 | -=3-3"| 0O | +1"| =2 |].
0 0 1 1 1

Alt. Sol. Let T = [vy,v9,v3]. Then TTT = diag(3,2,6). Hence T7! =
diag(1/3,1/2,1/6)TT. Therefore if D = diag(4,3,1), then T"'AT = D. So

1 -1 1 47 0 0 /3 1/3 1/3
A"e = TD'"T"'e=|1 0 -2 0 3" 0 -1/2 0 1/2
1 1 1 0o 0 1 1/6 —2/6 1/6

1 -1 1 2. 4n L [2am 43340
Lo =2 e | = 24" — 2
1 1 1 1" 24" — 3.3 41




