INTRODUCTION TO LINEAR ALGEBRA

Hiroshi SUZUKI*
International Christian University

September 30, 2010

1 Introduction

2 System of Linear Equations

A matriz (or an m X n matriz) is an m X n rectangular
array of numbers.
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Definition 2.1 An arbitrary system of m linear
equations in n unknowns can be written as

a1121 +ajp®2 + -+ apr, = b
o171 + Ao + -+ + AopTy, = bo

Am1T1 + Gm2X2 + -+ + AmnTp = bm

where x1,xo,...,z, are the unknowns.

A sequence of numbers s, s2, ..., s, is called a so-
lution of the system if 1 = 51,29 = $9,..., %, = S, is
a solution of every equation in the system, i.e., every
equation is satisfied when we substitute z1 = s1, x5 =
82, ...,y = Sp. The set of all solutions of the system
is called its solution set or the general solution of the
system.

A system of equations that has no solutions is said
to be inconsistent; if there is at least one solution of
the system, it is called consistent.

The augmented matriz A or extended coefficient
matrix, and the coefficient matriz C' of this system
are defined as follows.

a1 a2 arn b
a1  Aa22 azn by
A= . . . )
Am1 Am?2 Amn bm
a11 a12 A1n
C = a1 a2 a2n
am1 Am2 Amn

Definition 2.2 The following are called elementary
row operations.
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1. [i;¢]: Multiply row ¢ through by a nonzero con-
stant c.

2. [i,4]: Interchange rows ¢ and j.
3. [i,4;¢]: Add ¢ times row j to row i.

Definition 2.3 An mxn matrix A is in reduced row-
echelon form if the following conditions hold:

1. If a row does not consist entirely of zeros, then
the first nonzero number in the row (from the
left) is a 1. We call this a leading 1.

2. If there are any rows that consist entirely of ze-
ros, then they are grouped together at the bot-
tom of the matrix.

3. In any successive rows that do not consist en-
tirely of zeros, the leading 1 in the lower row
occurs farther to the right than the leading 1 in
the higher row.

4. Each column that contains a leading 1 has zeros
everywhere else in that column.

If the conditions 1, 2 and 3 are satisfied A is said to
be in row-echelon form.

Theorem 2.1 (Gauss-Jordan Elimination)
Every matriz can be transformed into a reduced row-
echelon form by applying elementary row operations
successively finitely many times.

Theorem 2.2 Let A be the augmented matriz
of a system of linear equations in n unknowns
T1,%2,..., T, and B the reduced echelon form of
A. Suppose the leading 1’s of B are at columns
11,12, - -y by aNd TOWS J1, )2, - - - Jn—r aT€ those colums
without leading 1’s. Then the following hold.

(i) The system of linear equations is inconsistent if
and only if i, =n+1, i.e., a leading 1 is in the
last column.

(ii) The system of linear equation has a unique so-
lution if and only if it is consistent and r = n,
e, i1 =10 =2,...,1, =i, =n.

(iii) If the system is consistent, the solutions are ex-
pressed with n — r parameters t| = xj,,t2 =

Ljoye-- atn—r =Tj,_,-



The number 7 in the previous theorem is called the
rank of B (and A).

3 Matrices and Matrix Opera-
tions
Definition 3.1 A matrizis an m X n rectangular ar-

ray of numbers. The numbers in the array are called
the entries in the matrix.

a11 a12 A1n
A= a21  A22 G2n
am1  Am2 Amn

It is called an m x n matrix, a matrix with m rows
and n columns, it is also denoted by A = [a;;]. Two
matrices are defined to be equal if they have the same
size and their corresponding entries are equal. The
entry a;; in the é-th row j-th column of a matrix A
is denoted by (A); ;.

An n x n matrix is called a square matriz.

Definition 3.2 Let A and B be matrices of the same
size and ¢ a scalar. Then the sum A + B is the ma-
trix obtained by adding the entries of B to the cor-
responding entries of A. The the product cA is the
matrix obtained by multiplying each entry of the ma-
trix A by ¢. The matrix cA is said to be a it scalar
multiple of A.

ai; +bin aip+bio a1n + bin
A+B— | @ +ba ag + b2 a2y, + ban
am1 + bml am?2 + bm2 Amn + bmn
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Definition 3.3 If A = (a; ;) is an m X r matrix and
B = (by;) is an 7 x n matrix, then the product C' =
AB is the m x n matrix whose (s,t) entry cs; is
defined as follows.

Cst = E as,ubu,t = afs,lbl,t + as,2b2,t +

u=1

+ Qs r br,t -

Proposition 3.1 Let A be an m Xr matriz and B =

[b1,b2,...,by] be an rxn matriz whose j-th column is
b;. If a1, as,...,an be the rows of A, then (AB); ; =
a’ibj;
AB = A[bl, bg, ey bn} = [/11)1,141)27 e ,Abn] and
aq a1 B
as (IQB
AB = B = .
am a,,B

Definition 3.4 If A is an m X n matrix, then the
transpose of A, denoted by AT, is defined to be the
n X m matrix that results from interchanging the rows
and columns of A, that is (A7);; = A;; (1 <i<n,
1<j5<m).

Definition 3.5 If A is a square matrix, then the
trace of A, denoted by tr(A), is defined to be the
sum of the entries on the main diagonal of A. The
trace of A is undefined if A is not a square matrix.

Proposition 3.2 Let A =
and B = (bjy) an n X m matric.

tr(BA).

(@i ;) be an m x n matric
Then tr(AB) =

Properties of Arithmetic:

Theorem 3.3 (1.4.1) Assuming that the sizes of
the matrices are such that the indicated operations
can be performed, the following rules of matriz arith-
metic are valid.

a) A+ B= DB+ A.

= (A+B)+C.
(AB)C.

— AB + AC.

(B+ C)A=BA+ CA.
A(B-C)=AB— AC.

)
) A(BC) =
)
)
)
g) (B—C)A=BA-CA.
)
)
)
)
)

A(B+C)

a(B+C)=aB +aC.

a(B—C)=aB —aC.

(a+b)C =aC +bC.

(a—b)C = aC — bC.

a(bC) = (ab)C.

(m) a(BC) = (aB)C = B(aC).

Proof. The proof of (d) is in the textbook. n

Theorem 3.4 (1.4.9) If the sizes of the matrices
are such that the stated operations can be performed,
then:

(a) (AT)T

(b) (A+B)T = AT+ BT and (A—B)T = AT - BT,
(c) (kA)T = kAT, where k is any scalar.

(d) (AB)" = B"A".

Proof. The proof of (d) is in the textbook. n

Lemma 3.5 Let I be an rx s matriz such that IX =
X for all m x n matriz. Thenr =s=m and I is a
square matriz with 1’s on the main diagonal and 0’s
off the main diagonal.



4 Inverse of Matrices

In order to solve a system of linear equations ex-
pressed in a matrix equation Ax = b, we wanted
to have a matrix B such that BA =1 and AB =1,
where I is a matrix performs as 1.

Definition 4.1 A square matrix with 1’s on the
main diagonal and 0’s off the main diagonal is called
an identity matriz and is denoted by I, or I,, when it
is of size n X n.

If A is a square matrix, and if a matrix B of the
same size can be found such that AB = BA = I, then
A is said to be invertible and B is called the inverse
of A. If not such matrix B can be found, then A is
said to be singular.

Theorem 4.1 Let A be an n X n square matriz, and
I = I,, the identity matriz of sizen. Set C =[A | I].
If the reduced row echelon form of C is of form [I | B],
then B = A™1, otherwise the inverse of A does not
exist.

Proposition 4.2 (1.4.6, 1.4.9, 1.4.10) (a) If
both A and B are invertible matrices. Then AB
is also invertible and (AB)™! = B71A~L.

(b) If A is an m X r matriz and B is an v Xn matriz,
then (AB)T = BT AT.

(c) If A is an invertible matriz, then AT is invertible
and (AT)=t = (A~HT.

Definition 4.2 An n X n matrix is called an elemen-
tary matrix if it can be obtained from the n x n iden-
tity matrix I,, by performing a single elementary row
operation.

1. P(i;c): the matrix obtained from I,, by perform-
ing [i;¢c] (¢ #0).

2. P(i,7): the matrix obtained from I,, by perform-
ing [i, j].

3. P(i,j;c): the matrix obtained from I,, by per-
forming [i, 5; c].

Proposition 4.3 (1.5.1) If the elementary matriz
E results from performing a certain row operation on
I, and A is an m X n matriz, then the product EA is
the matriz that results when this same row operation
is performed on A.

Proposition 4.4 (1.5.2) Every elementary matriz

is invertible, and the inverse is also an elementary
matriz.

P(i;e)™" = P(i;1/c), P(i,j)~" = P(i, ),

and P(i,j;¢)t = P(i,j; —c).

5 Invertibility of a Matrix and
its Applications

First goal of this section is to prove the following
theorem.

Theorem 5.1 (1.5.3, 1.6.4) If A is an n X n ma-
triz, then the following are equivalent.

A is invertible.

(a
(b

Ax = 0 has only the trivial solution, i.e., x = 0.

(c
(d

The reduced row-echelon form of A is I,,.

)
)
)
) A is expressible as a product of elementary ma-
trices.

()
(f)

Ax = b is consistent for every n x 1 matriz b.

Ax = b has exactly one solution for everyn x 1
matriz b.

Proposition 5.2 (1.6.3) Let A and B be square
matrices of the same size. Then

(a) If BA = I then AB = I. In particular, both A
and B are invertible and B = A"', A= B7!,

(b) AB is invertible if and only if both A and B are

invertible.
A System of Linear Equations:
anxi + a2 + -+ aipty, = b
2121 + A22%2 + -+ -+ A2p Ty, = by
......... ?
Am1T1 + Am2T2 + -+ AmnTn = bm
a1 a2 ain b
a21 a22 azn, b
B = .
Am1 Am?2 Amn bm
where 1, s, ...,z, are the unknowns.
aix a2 Q1n
a a a
A= 21 22 2n ’
Am1 Am?2 Amn
I bl
) bo
xr = . , b= . , B=1[A,b].
Tn bm

If the product Az of A and x is defined as follows,

the linear system above can be written as Ax = b.
We obtained the reduced echelon form C of B by

performing a sequence of elementary row operations.



Let P, Ps,..., Py be the corresponding elementary
matrices, and P = PyPy_1--- P;. Then

PB = C, P[A,b] = [PA, Pb] and PAz = Pb.

x is a solution to PAx = Pb

& xis a solution to Ax = b.

We call the number of leading 1’s in the reduced ech-
elon form of a matrix the rank of the matrix.

Theorem 5.3 The reduced row echelon form of a
matrix s unique.

Theorem 5.4 Let A be an mxn matriz and Ax = b
is a system of linear equation expressed as a matric
equation. Let B = [A,b] be the augmented matriz
and C = [A1,by] is the reduced echelon form of B.
Then

x 1s a solution to Ax = b

& xis a solution to Aix = by.

Moreover,

(i) If rank(A) # rank(B), the equation Ax = b is
wnconsistent.

(ii) If rank(A) = rank(B) = n, the equation Ax = b
has the only one solution.

(iii) If rank(A) = rank(B) < n, the equation Ax = b
has solutions with n — rank(A) parameters.

Theorem 5.5 Let Ax = b be an equation. Suppose
Axg=0b. Then

x 1s a solution to Ax = b

& x=xo+y where y is a solution to Ax = 0.

xq is called a particular solution.

Proof. =: Lety = xg—ax. Then Ay = A(xo—x)
Axy — Az = b— b = 0. Hence y is a solution to
Ax = 0.

<: Suppose y is a solution to Az = 0. Then
Ay = 0. Hence A(xg +y) = Axyg + Ay = b, and
xo + vy is a solution to Ax = b. [ ]

Definition 5.1 If b = by = -+ = b, = 0, the sys-
tem is called homogeneous. Homogeneous system is
always consistent as x1 = 29 = --- =z, = 0 is a
solution. This solution is called the trivial solution;
if there are other solutions, they are called nontrivial
solutions.

Theorem 5.6 (1.2.1) A homogeneous system of
linear equations with more unknowns than equations
has infinitely many solutions. In particular, if A is
an m X n matriz, then a system of linear equation
Ax = 0 has a non-trivial solution.

Proof. Every homogeneous system of linear equa-
tions is consistent. The rank of the augmented ma-
trix is at most the number of rows. Hence the number
of parameters to express solutions is n — rank(A4) >
n —m > 0. Thus there are infinitely many solutions,
in particular the system has a non-trivial solution. B

Example 5.1 The matrix below is the augmented
matrix of the system of linear equations on the left
below.

21+ 0z + 3 + 0x4 + 25 + 326 = -1
7&5‘1+01L’271‘3+0$4+0935*4£L'6 = -1 }
01’1 +1’2—2$3+3$4+0$5-(E6 = 3
—2x1 — 2x9 + 223 — 624 — 225 —dxg = —4
1 0 1 0 1 3 -1
-1 0 -1 0 0 -4 -1
0 1 -2 3 0o -1 3
-2 -2 2 -6 -2 -4 -4
[ 1 0 1 o 1 3 -1
[ﬁi);?] -1 0 -1 0 0 -4 -1
0 1 -2 3 0 -1 3
| 0 -2 4 -6 0 2 -6
1 0 1 0 1 3 —-17
[2,_1;1)] 0 0 0 o 1 -1 -2
o 1 -2 3 0 -1 3
|0 -2 4 -6 0 2 —6 |
1 0 1 1 3 -1
[2_,3]) o 1 -2 3 0 -1 3
0 O 0 o 1 -1 -2
|0 -2 4 -6 0 2 —6 |
10 1 01 3 -17]
[4,22] 01 -2 3 0 -1 3
o0 0O o001 -1 -2
100 0 00 O 0 |
10 1 0 0 4 1 ]
[1&)1] 01 -2 3 0 -1 3
o0 o o0 1 -1 -2
100 0 00 O 0 |
T = 1—s—4u,
To = 3+4+25s—3t+u,
r3 = S,
vy = ‘, or
5 = -2+ u,
g — u.
T 1 -1 0 —4
To 3 2 -3 1
T3 | 0 1 0 0
e | = 0 |75 o | TH] 1 | TY o
5 -2 0 0 1
Tg 0 0 0 1

s, t and u are parameters.
The solution above is the general solution and ;1 =

l,xo =3,23=0,24=0,25 = —2,2¢ = 0 or the 6 x 1

matrix corresponding to it is a particular solution.



