1 Euclidean n-Space

Definition 1.1 If n is a positive integer, then an ordered n-tuple is a sequence of
n real numbers (aq, as, ..., a,). The set of all ordered n-tuples is called n-space and
is denoted by R".

Definition 1.2 Two vectors w = (uy, us, ..., u,) and v = (vy,vq,...,v,) in R" are
called equal if
Ul = V2,Ug = V2, ...,Up = Up.

The sum u + v is defined by
u+v = (uy + v, us + Vo, ..., Uy + V)
and if k is any scalar, the scalar multiple kw is defined by

ku = (k‘ul,kuz, ey k:un)

Let 0 = (0,0,...,0) € R", —u = (—uy,—ug,...,—u,) and v —u = v + (—u) or,
interms of components,
v—u = (V] — U,V — Uy ..., Uy — Up).
Theorem 1.1 (4.1.1) Let u = (ug,ug,...,uy), v = (v1,09,...,0,) and w =
(w1, wa, ..., wy,) be vectors in R" and k and m scalars. Then:
(a) u+v=v+u. (Commutativity)

b) u+(v+w)=(u+v)+w (Associativity)

h) lu = u.

Definition 1.3 Let w = (uq,us,...,u,) and v = (v1,vs,...,v,) be vectors in R".
Then the Fuclidean Inner Product w - v is defined by

U -V = UV + UV + - -+ + UpUp,

the Euclidean norm (or Euclidean lenght) of a vector w is defined by

lull = (- w)2 = \/ud 4+,

and the Euclidean distance between uw and v is defined by

d(u,v) = |[u —v| = /(u; —v1)2+ (g — v2)% + - + (up, — v,)2.



Theorem 1.2 (4.1.2) Let u, v and w be vectors in R" and k a scalar. Then:
(a) u-v="2v- u.
(b) (u+v) w=u-w+v- w.
(¢) (ku)-v=k(u-v).
)

(d) v-v>0. Further, v-v =0 if and only if v =0

Cauchy-Schwarz Inequality in R".

Theorem 1.3 (4.1.3) Let u = (uy,us,...,u,) and v = (vy,vs,...,v,) be vectors
in R". Then
u - o] < [lulflflv]]

Equality holds if and only if v = kw for some real k or u = 0.

Theorem 1.4 (4.1.4) Let u and v be vectors in R" and k a scalar. Then:
(a) [Jul = 0.
(b)
() [kl = [K|||ul].
(d)

Theorem 1.5 (4.1.4) Let uw and v be vectors in R™ and k a scalar. Then:

|u|| =0 if and only if u =0

llu+v| < |ul + v (Triangle inequality)

(b) d(uw,v) =0 if and only if u = v.

(¢) d(u,v) =d(v,u).

(d) d(u,v) < d(u,w) + (w,v). (Triangle inequality)
Exercise 1.1 [Quiz 1] Let w = (uy,us, ..., u,) and v = (v1,vs,...,v,) be non-zero

vectors in R™.

1. Let A be a real number. Show the following. (Hint: use |w|* = w - w.)

1A+ o1 = N [lul* +2(uw - v)A + 0]

2. Using the fact that [[Au + v]||?> > 0 for all real A and a property of a quadratic
function, show the Cauchy-Schwarz Inequality. (Hint: Discriminant ( Hanbetsu-
shiki))

3. Show the equivalence of the following:

|u - v| = |Jul|||v]| & There exists « € R such that u = awv.



