2 Linear Transformations from R" to R

Definition 2.1 Let X and Y be sets. A function (or mapping) f is a rule that
associates with each element a € X one and only element b € Y.

e [: X =Y (a—b= f(a)).

e b is the image of a under f, or f(a) is the value of f at a.
e X is the domain of f and Y is the codomain of f.

o Imf ={f(a)|ae€ X} is called the range of f.

Two functions (mappings) f; : X; — Y] and fo 1 Xo — Y, are equal if X; = X,
Y1 =Y; and fi(a) = fa(a) for all a € X; = Xo.

Definition 2.2 If the domain of a function T is R" and the codomaini R™ then T'
is called a transformation from R" to R™.
A mapping T': R" — R™ is called a linear transformation if
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Then the linear transformation can be written as
T:R"— R" (x — Ax).

The matrix A = [a;;] is called the standard matriz of T' and write A = [T].
Conversely if A is an m x n matrix and the mapping from R" to R™ is defined by
x — Az, then the linear transformation is denoted by T4. In particular [T4] = A.

Theorem 2.1 Let Ty : R® — R™ and Ty : R™ — R’ be linear transformations.
Then the composition of Ty with T, defined by

TyoT,: R" — R (xz — Ty(Ti(x))).
is a linear transformation and [Ty o Th| = [T3][T1].

Theorem 2.2 (4.3.2) A transformation T : R" — R™ is linear if and only if the
following hold for all w,v € R" and for every scalar c.
(a) T(u+v)=T(u)+T(v) (b) T(cu)=cT(u).

3



Proof. Only if part is clear.
Suppose T satisfies (a) and (b). Then by induction it is easy to show that

T(ug+ug+ - +uy) =T (uy) +T(ug) + - - + T(uy).

Let ey, eq,...,e, be uinit vectors in R", and A = [T'(e1),T(e2),...,T(e,)]. If
x = [11,2o,...,7,)T, then

Ax = x1T(e1) +z2T(ex) +--- +x,T(e,)
= T(zie1) +T(x2e3) + -+ T(znep)
= T(xie1 + x0€9 + -+ - + xp€,)

T(x)

This proves that T is a linear transformation. ]

Corollary 2.3 (4.3.3) IfT is a linear transformation from R™ to R™ and ey, e, .. ., ey,
then
[T =[Tei,Tes,...,Te,).

Example 2.1 Let e, es,...,e, be unit vectors in R" and let m < n. Let
T:R"—-R"(x— (x-e)er+ (x-e)es+ -+ (T - €n)en).
Then T is a linear transformation (operator), which is called a projection.
Definition 2.3 Let f: X — Y be a function (or mapping).
(a) If Im(f) = f(X) =Y, then f is said to be surjective or onto.

(b) If f(a) # f(a') whenever a # o, f is said to be injective or one-to-one. f is
injective iff f(a) = f(a’') implies a = a’ for all a,a’ € X.

(c) If f is one-to-one and onto, f is said to be bijective.
Recall the following.

Theorem 2.4 (2.3.6) If A is an n X n matriz, then the following statements are
equivalent.

(a) A is invertible.
(b) Ax = 0 has only the trivial solution.
(¢) The reduced echelon form of A is I,,.
(d) A can be expressed as a product of elementary matrices.
)
)

e) Ax = b is consistent for every n x 1 matriz b.

f

(
(f) Ax = b has ezxactly one solution for every n x 1 matriz b.
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(g) det(A) # 0.

Theorem 2.5 (4.3.1) If A is an nxn matriz and Ty : R" — R" is multiplication
by A, then the following statements are equivalent.

(a) A is invertible.

(b) T4 is surjective.

(c) Ta is injective.
)

(d) Ta is bijective.

Remarks. T is injective if and only if T4 () = 0 implies = 0.

Exercise 2.1 [Quiz 2] For u = (uy,us, ..., u,)” be a nonzero vector in R", Let
2 - u
u

1. Show that 74, is a linear transformation.

2. Let v=(1,-1,0,...,0)T. Find the standard matrix [rp].

3. Suppose T is a linear transformation from R" to R" such that T'(u) = —u,
T(w) = w whenever w - u = 0. Show that 7" = 7. (Hint: If o = I‘ﬁl““;,

(x—au) -u=0.)
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