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OO0 BOOOOO (The World of Mathematics) November 20, 2006
Final Exam 2006

Division: ID#: Name:

1. p,gq,r 0000000 (Let p, g, r are propositions. ) (10pts)

() O0OO00D0O0O0OO00ODO0OU0O0ODOO0DOODOO0DU0ODOO0ODDOODUODODOOOOOOO
0 O (Decide whether the following holds by completing the truth table below. And

write your conclusion with reason.)

p=(qVvr)=({@A(r)=q

Nl A = 1) = g

ﬁ
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[D0000 (Conclusion and reason)]

(b p=(@@Vvr)0 -0 A0 ODOOOOOOODOOOOOODOOOODOOOOOOOO=
O vOOOOOoOOOO (Express p=-(qVr) using =, A and parentheses. Do not use
= or V.)

Points
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2. 00000000000000O000000000000 (Find the following and explain
your reasoning.) (10pts)

(a) 5000000000000 OO0ODOOCOOOODOOOO00OODUOOOODODODODOOOO
O00000000000000 (50 teams are in a tournament. If there is no draw,
how many games are required to decide the winner of the touranment? Why?)

(b) 1000000 A,B,C,D,E050000000000000O0O0O0O0ODO 1000000
godds00dddddddddooooooDooLDDDO .G, OO0O0O0ad
0 0 O (How many ways are there to make 1000 paper cranes by five people, A, B, C,
D, E, if each one makes at least 1007 Use ,,C,, to express your answer.)

3. 00 12000000000000000O0ODOOOOOOOOOOODODOOODODODOO0O0
0dodoobooooooooooboooooooooooooooooooooooooog
0000000000000 0000000O00000DO00DO00UODOO0O00000O(Find
the minimum cost of a connected network using the diagram below. Draw your network

on the right as well by connecting corresponding points.) (10pts)

00 (Total)O
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4. 8x800000000000UO0OOCOOUOOOUCODOOLUDOOUDODOOOO0OO(An8%x8
chess board has checkered pattern in black and white.) (10pts)

(a) O0OO00D0OO0O0O0O0OODOO0OO 1x20000000000000DO0OCODOOODOO
O00000000000000000000000(Show that it is impossible to cover
all squares of the board except the top right and the bottom left corners by 1 x 2

rectangular plates without overlapping.)

(b 0200000 2000000000000 40000000000000000O00O0O
0000 1x200000000000000000000000D000O000O0O000
0000000000000 (Show the following. If we choose two white squares and
two black squares properly, it is impossible to cover the rest of the board by 1 x 2

rectangular plates without overlapping.)

5. K3:000O00000D00O0000000D00O000000O0 (Show that K33 below is not

a planar graph.) (10pts)
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6. ADJDUOCO0OOOODODODOODOUOOOO ADODDODOOOD 200000000
0000000000000 ADODOODODOOO0DOOODDOO0OODoDDOOoOooDoDoDOoOooDoad
0000000000000 0O000000DoDooOO0O0000 (Ms. A attended a party.
There were 20 people including Ms. A. After some period, Ms. A asked the attendants
how many people they shook hands with. All of them answered different numbers, and
none of them shook hands with all. ) (10pts)

(a) ADODDOOOOODOOOO0ODOOO0O0O0O0DOOOOO(Explain that Ms. A shook hands

with at least one of them.)

(b) 00 2000000000000 0OOO00U00O0OOOOOO 1I800O0OOOODOO

00 17000000000000000000 (Explain that there is a person who
shook hands with exactly two persons, and they are the ones who shook hands with
exactly 18 and 17 people.)

7. 0000000000000 00000000000D0OAO (Show that the graph below is
not a Hamilton graph.) (10pts)
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8. T=(X,E)000000 v00000 e00000000000000(Let T = (X, E) be
a tree with v vertices and e edges.) (10pts)
(a) v2200000000000 1000000000000 AO (Show that if v = 2,

there is a vertex of degree 1.)

(b)) 000D0e=9—-10000000000000000CD0O (Show by Mathematical
Induction that e = v — 1.)

9. D0d0dooobOooooooooOo 300o0b0 40000600000 ooooooa
00400000 mOO0OO00OOOOOOCOOO wOOD0DOOO e0O0O0O0DOO fOOOO(D
is a connected plane graph such that each vertex is of degree 3 and each face is surrounded

by either four edges or six edges. Suppose there are m faces surrounded by four edges,

and I" has v vertices, e edges and f faces.) (10pts)

(a) 3f =e+m 00000000000 (Show that 3f = e+ m.)

(b mODODOOD0O0OO0ODOOO0DOOD0O0O0O0DOODODOODOO(Determine m. Show work!)
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10. BOOOOwOOOOOOOO0OO0OO0ODOOODO 1000000000 132000000000
0000000000000 oO0o0O0bOO0wOoOODOoOoOoDoOoDoOoomoooo
OO (Mr. B played games 77 consecutive days. Suppose he played at least one game each
day but the total number of games is at most 132. Show that there is a certain consecutive
period he played exactly 77 games. By a certain consecutive period, we mean for example,
from the 3rd day to the 57th day.) (10pts)

00000 MOoOoOoDoOobOOO0O0oDOoOobOO0olIfyou wish, write “Do Not Post.”d
1. 0bobobobobobobobo

2. 0000000000000 00ODO0O0O0O0DODOO00(ODOO00DOO0OOO0ODOO
00000 () 0000000000000 U0OO(c)DOO0OODDOOODO

. 0bo0o0boooobooooooobd
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OO0 BOOOOO (The World of Mathematics) November 20, 2006
Solutions to Final Exam 2006
1. p,q, 0000000 (Let p, q, r are propositions. ) (10pts)

() OOO00DO00OOOO0CODOO0O0OOO0OCOOO0O0ODOO0ODOOODDODOOOOOOO
0 O (Decide whether the following holds by completing the truth table below. And

write your conclusion with reason.)

p=(qVvr)=(@A(T)=q

r) | (p
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[D0000 (Conclusion and reason)]
ugbobooboaaoo gboboobogboooboboooo

(b p=(¢Vvr)0 -0 AD OODOOOOOOOOODOODOOOOOOOOODOOOO=
O vOOOOO0ODOO (Express p=-(qVr) using -, A and parentheses. Do not use
= or V.)

goooooooogooobogono

p=(qVvr)={@A(7)=q=-(Ar)Ve==(pA(=r)A(=q)

ob. Dobooobooooboboooo FODOODOTOODODODOODOODOOO
TgooborgTonoob p0 T,qO o0 FOOOOOOOOOOO

—(p A (—q) A (—r))

ooog |
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2. 00000000000000O000000000000 (Find the following and explain
your reasoning.) (10pts)

(a)

3. 00

S 000000 ooooobuooooboon
O00000000000000 (50 teams are in a tournament. If there is no draw,
how many games are required to decide the winner of the touranment? Why?)

0010000 1000ooooooooo4000ooooooooo4900onon
0o0o0oooOo49000 [ ]

1000000 A,B,C,D,E0500000D000DO00O0O0DOODOODOOO 1000000
oodods000dddddddooooooooooooooooDo G, 0000ad
0 0 O (How many ways are there to make 1000 paper cranes by five people, A, B, C,
D, E, if each one makes at least 1007 Use ,,C,, to express your answer.)
000000 99iooddooooooooooooo 1000-99x5=50000000
538 I I A YO 5 A O A Y A 4
Oo00oooooooooooon

504Cl
sfufufsfsls n

120000000000000000DLO0O0DO0OO0DLOobODODOObOObOobOobOobDg

O000000o0oooooooooooo0000ooooooooooooooooDoO
0000000000000 000000DO000DO00O000O000DO000O00O(Find
the minimum cost of a connected network using the diagram below. Draw your network

on the right as well by connecting corresponding points.) (10pts)

00 (Tota)D D021 (0DO0O0O0DO0OO0O0DOO0O)
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4. 8x800000000000UO0OOCOOUOOOUCODOOLUDOOUDODOOOO0OO(An8%x8
chess board has checkered pattern in black and white.) (10pts)

(a)

0000000000000 D0 1x200000000000000DODO0O00DOO0OO
O00000000000000000000000(Show that it is impossible to cover
all squares of the board except the top right and the bottom left corners by 1 x 2
rectangular plates without overlapping.)

goooobooboobobooboobbboboboboboboboooobonb 300
U0 3200001x2000000000000100100000000000O0
gbobooboobobobooooboobobooooboboooooboooboon
goooobooboobobooobd [ |

0200000200 000000000040000000000000000000
0000 1x2000000000000000000000O0O00DOO00O0O0DOOOO
0000000000000 (Show the following. If we choose two white squares and
two black squares properly, it is impossible to cover the rest of the board by 1 x 2
rectangular plates without overlapping.)

0000000000000 oDooU0ooDOooooDOoooooOooooooon
000000000000 000000 20000 20000000000000000
o0o00o0oo0oooooooooooooooooaog [ |

5. K330 0 O0ODO0O00000000000000000D00O00O(Show that K33 below is not
a planar graph.) (10pts)

000000 v=600000 e=9000000000000OOD0O00O0O0ODOOOOOO
000000000000 0v—e+ f=2000 f=e—v+2=9—-6+2=50000
o0dddooonon ny,ne,n3,ng,ns 100000000 0O0O0OOOOOOOOOO 30
O0000000n; 24,n224,n324,n4 24,n; 240000 Proposition 8.2 (i) OO
ogoon

18=2-e=n4+ns+ng+nmg+ns>4+4+4+4+4 = 20.

gboboobbooboobboobuoboobbooboobo [ |
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6. ADJDUOCO0OOOODODODOODOUOOOO ADODDODOOOD 200000000
0000000000000 ADODOODODOOO0DOOODDOO0OODoDDOOoOooDoDoDOoOooDoad
0000000000000 0O000000DoDooOO0O0000 (Ms. A attended a party.
There were 20 people including Ms. A. After some period, Ms. A asked the attendants

how many people they shook hands with. All of them answered different numbers, and
none of them shook hands with all. ) (10pts)

(a)

AOD0DODDO0OOO0ODO0OODOOOODODO0OO0OO0DO(Explain that Ms. A shook hands
with at least one of them.)

voobooobooboooboobobobobobobobobobbobobOoboo
go0oO0CoOoOoOoOoOopoDoOOO18OOUOOO oOODOOOOODODODOYDODOOAOO
O 00000 vooobooOoooooo0oooooooooAOOODOOOOo
gboooboobobobooboobobooobbooboobooboo...bob 170
000000000 8OOOOOO0O000000000000 180000 ooonDA
O0000000o0oAO0ODOOCOOO00ODOOCOOO00ODODOOOOOOODOODO
0000000000000 000ADDOODOOODOODODOOO0AODOODO
gboboobboobooabod [ |

00 2000000000000000000000000 180000000000
01700000000000000000 (Explain that there is a person who shook

hands with exactly two persons, and they are the ones who shook hands with exactly
18 and 17 people.)

000000000 AQOOO0OO00020000000000000000CO00 18
gbobooooobbobobooobobbooobobobooobobobooobon
gbooboooboobooboobobobo ooobboboob 10000
ooooboobooboboobooboboo1vyoooooboboooooooboon
gboboobobobobooboboboboboooooobobobonood
0000000000 2000000000ADDODOOOOO0 8ODODOOOOOD
OO0 1woOoooooooooo0ooooooooooooDoob0 ADODOOOOo
Oo0o0oooooooo 1vOoooooooOoD Aooooooooooood™

7. 0000000000000 0000000000D0DDO (Show that the graph below is
not a Hamilton graph.) (10pts)

Q

gbooobooboobbooboobboobooboo

oboooooooooooooobooboobo 3sooooon
gbobog sbooooobooboooobobo eonnoO
oooooooooobOobOodnbD 6000000 Theorem
r3000000oooooooboon

gb. 000000 s50b000000b e0obDOn
000bo0oobo0oobooboOobOodbodDBipartite 00
goboobboooboobbooboobnobooboon

p booboooooooboooooouoooooooog
gboboboboboooooo [ |
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8. T=(X,E)000000 v00000 e00000000000000(Let T = (X, E) be
a tree with v vertices and e edges.) (10pts)

(a)

v2200000000000 100000000000020 (Show that if v = 2,
there is a vertex of degree 1.)

000000000 20000000000000000000000000000
Ti~To~az~-- 00z £a3, 204 24,...000000000000000000
0000000000000 00000000000000000000000000
000000000000000000000000 1000000 n

O000e=9v—-100000000000000000O0O (Show by Mathematical
Induction that e = v — 1.)

U0o0o00000000D000v=100000e=0000 e=v—-1000000

v=k0000000D00O0O0D ODD0OO00O0v—-1000000000v=k+100
O0v>2000 (a) 0000000 1000000000ODOOO0OOOO0OOOO0
ooooboboobooob0obev—-1=k0000000000 ed0U0OD e—1000
oboooboooooobooboooooboboooorooboooooooboooroo
gbobodbobobobooboobboobobboboboooboo20000000
gbooboooobboobobboobbooobbbooobobooobbooon
oooooooboooobooboobboobobooooooboobooDboO kO
O0oO0obOOo0ooO0DooOO0oob0O0d0e—-10 k—1000000000 e=k=v—10
O00v=k+10000000000D00C0O0O0DO0ODOO0OOOODOOODOWO
gobodobb»00bbOo0bo—-1000000000O00O0 [ |

9. 00Ob0bOO0ObOO0ObOOUODOO0OO0ODOO 30bUbU0O 4000DbeUDbUObDObODODOOODO
00400000 mIOO0O0OOOOOOOOO 000000 e0O0OOOO fOOOO(T
is a connected plane graph such that each vertex is of degree 3 and each face is surrounded

by either four edges or six edges. Suppose there are m faces surrounded by four edges,

and I' has v vertices, e edges and f faces.) (10pts)

(a)

(b)

3f=e+m 00000000000 (Show that 3f = e + m.)
004000 mO006000 f—mOO00O Proposition 8.2 (i) 0000 O

Am +6(f —m) = 2e.
000003f=e4+mO000 [ |

mO00000000000000000000000000(Determine m. Show work!)

0 O Proposition 8.2 (i) 00 3-v=2e0(a) 00 3f =e+m 000 Theorem 8.1 O
oboooooooobob 3oboooon

6=3v—-3e+3f=2e—3e+e+m=m

gbobdbOm=60000 [ |
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10. BOOOOwOOOOOOOO0OO0OO0ODOOODO 1000000000 132000000000
0000000000000 oO0o0O0bOO0wOoOODOoOoOoDoOoDoOoomoooo
OO (Mr. B played games 77 consecutive days. Suppose he played at least one game each
day but the total number of games is at most 132. Show that there is a certain consecutive
period he played exactly 77 games. By a certain consecutive period, we mean for example,
from the 3rd day to the 57th day.) (10pts)

U0 obobooboboobow obobobooboboob...0bwy 0 MOO0DODOD
gboooboboobuoaboan

1<b <by <+ < byp <132.

Case 1. by, bs,...,b;y 000000 77000000000

Ubo 0ol <132000 vroogoobody,=7r000bD:0000O
gbooooooooooowoboboboboobooooo

Case 2. by,bo,..., 0,y DOODO 7v70O00OD0OOOOCOOO

» 00 by 000000 77000000 p, 00 py0000 r, 00 r, 0O0DOO
by =TTp1+71,...,b;m=TIpr+r 0000000000000 77000000000
000007700000000000000000000001<r <76,...1<rym<760
0000007700000000 1007000000000000000000000
00000000000000000 b,b; 000b;>b;00000000b; =77p; +74,
bj=TTpj+r; D0r;=r; 000 bj—bj=77(pi—p;) 0000D0000b;—b; O 7700
0000D000000000013200000 bi—b;=77000000000000004
00000000000, 000000000000000000,+10000 4000
00000000000 7700000000000000

ooooooooooooogo wmboboobooboooo [ |



