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BEODHEHR (World of Mathematics) February 28, 2011
Final Exam AY2010
Division: ID#: Name:

LITOMREICEWTIRE TR > £ Theorem, Proposition ZHAWSM¥d. Handout ICHDE S X
&, ZORB%ZMHEEL T S I &, Whenever you apply theorems and propositions in handouts, quote

the statements or their numbers.
l.p, g r 2EE T2, (Let p,q,r be propositions.) (10pts)

(a) ROADIKYD O E ) e, TOHEBEZTERT 5 Z LI >THEY K, b FE, (Check
whether the following formula is valid by completing the truth table below.)

gVr=-p=p=(—qgA-T).

ﬁ
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Hﬂ]Et‘.‘.iEEE (Decision and Reason)]

(b) gVr=—p% - & A & FMETRHOTESE, sk, MER-THRVL, = & Vi3
flibipnz &, (Express ¢ V r = —p by =, A and parentheses. Do not use neither = nor V.)

Points

1. 2. 3. 4. 5. 6. 7. 8. Total

/10 /25 /10 /10 /8 /7 /10 /10 /90 pts
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2. HRDEN 9 DT 57 %% X5, (Consider graphs on 9 vertices.) (25pts)

(a) HIEROREND 2,3,3,3,4,5,5,6,6 THDLXIRT I 7IIHFELBZVI Lz, TLRWIZHY]
&, (Explain why there is no graphs such that the degrees of vertices are 2,3,3,3,4,5,5,6,6.)

(b) FTEMDOREDS 1,1,1,1,1,1,1,2,y TH 5 X I AKRIE, MEED 2D, ZN6E2TRTHE, 2
NoEPITRTTH 5 2 & 2HHICHTY L, (How many trees are of degrees 1,1,1,1,1,1,1,z,y?

Draw them all and explain why.)

(c) (9 /'{%T»_t@) 6-1EH1 75 7 \3fE D 50>, Z OB DB LK, (How many graphs are of 6-regular
graphs with 9 vertices? Explain why.)
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(d) (9 mREtors 7) THA F—=T 7 TEDEIZBNINVE T I 7TEREODDE, NIV VT
FZ7TEDLIVAAT—T 77 TR EDE—DTOME, ZNZTNVFLZHTTIDOTH
% Z e 2 RICHIHY X, (Give two examples of graphs with 9 vertices. One is a Euler graph that
is not a Hamilton graph, and the other is a Hamilton graph that is not a Euler graph.)

(e) (9 R D) itk 87 7 7% —oHfil}, ¥/ VR LED) I I 713 EABDLDTH>THIR
LTANINWVEVY T I 713k 6% 0 &2 X, (Draw an example of a connected bipartite

graph with 9 vertices. Explain why every bipartite graph is non-Hamiltonian.)



Page 4 of 7

3. 54EE ELP | Program A 2% 11, Program B 2% 12, Program C 285 Odb¥T28 DL 7> a v
APNTVD, COLERDEERD L, ED XS 2k bHEBICHIAYE L, ., DI
L% TR, (This year there are 11 sections in ELP Program A, 12 in Program B and 5 in Program

C, 28 sections in all. Answer the following number and explain why. No need to evaluate ,Cp,.) (10pts)

(a) ZHEELP 2@ L Tw 22405 50 AMREZED TELP OBCEICOWTEHELA) J LI
L, 273 av—ANEIREICAZETDE L, 50 NDE 7 > a VRlOANBIITE D & 2 5N
%73, (How many varieties of numbers from sections are there to select 50 representatives to discuss

ELP reform if at least one is from each section? )

(b) S4EEELP ZJEE L T 572420 9 % 50 ADSHATFED summer program I conversation partner
ELTEMLIET S, 27 vaVHlOABIZNEY ZEZ 550, —ASSIML Ld ot
7y aviidbaliglEd d %, (How many varieties of numbers from sections are there if 50 ELP
students served as conversational partner in Japanese Summer Program. There may be some sections

with no volunteers.)

4. a,b,c,d, e, f, g h 2SS (HETHLRV) 2y b7 =0 TEHRDDODEED 2\, ZNFND 2
R ZFESBHPRD L HICGEZ 6N Tw SR, ZORNDEHIZVL 6, ZO%y FT7—7HX
&, (HAZIZH) (Find the least expensive network connecting a, b, c, d, e, f, g, h indirectly using

the table below. Draw the network and give its total cost. (1 unit = 10,000 JPY)) (10pts)
he o
| Infeltfefdfc]b]

alla[1]3]2 1]

bl2]1]3]1 ‘o o’

cl|3|11]2]|4

d|f2]2(3]1

e 213

£33 ‘e ®°

g | 4
‘e o

A&t (Total) :
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5. T3 12THRID S 7% 23872 4-1ER 72 7 CTH B L%, £/ T IFVHZ 7 718 2L TE, 4%
i =B £ 72 1ZVWAE &%, (T is a connected 4-regular graph with 12 vertices. It is a planar graph
such that every face is either 3-gon or 4-gon.) (8pts)

(a) T DAL X VHIDKREZZNZ1\{ DD, (Compute the number of edges and faces.)

(b) T DT 3L HR>T B HDIFEL DB %%, (How many 3-gonal faces are there in the graph?)

6. T 22N A 777833, 2oLE, T ITE, BDEREBIUTOESEH 2 Z &2

BHL T &, (Let I be a connected bipartite planar graph. Show that I" has at least one vertex with
degree at most 3.) (Tpts)



7.
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MBEEOMR, OFZEZ 27 KB D | BRI 1 MIZfEE & 2 5, 727220, 25T, 51 i3
Wb DET B, (There are total of 27 periods this year for World of Mathematics. In each period one
problem is discussed and the total does not exceed 51.) (10pts)

(a) B9 ETMBALKMLESH 2 2 L2 THRWICHHL TFI W, (Explain in detail why there is

a period only one problem is discussed.)

(b) BxI EWLRIEZLIEPH S Z EEFHL TFE v, (Hint: 25 R H £ TISRAMRE 2 722
% $£9#%2 %, ) (Explain that there is a certain consecutive periods the class discussed exactly 25

problems. (Hint: First consider how many problems were discussed in the first 25 periods.)
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8. 143+--4+3"=3""LHDE L Y IC DR FEIMES>TOLEIRRMPE T > TVR205, 2028
HOpBEO2Eb2 540, £ 3" HOLELVES DRIcdH 2, Kite n4+1 0I5 & ZDA
RiZFHTE 2 2 & & Bz e THAL TSRS v, 2L, ROFHREBEM TR,

3ntl_g
2

(Prove by Mathematical Induction that one can find the incorrect weight among 143+ ---+ 3" =
weights by using a balance n + 1 times if only one is an incorrect weight and there are 3™ other correct

weights besides those above. You can use the following fact.) (10pts)

3 (n=1,2,...) DBEHHICDFEFEIMES TV ERRENEE >TSS, 2
DARMPEOHPEG2EDPr> TS, ZOEE, Ktz n i) &, ZORRMZFE
HT&%, (If there are 3™ weights including exactly one incorrect weight which is known to

be either lighter or heavier, then one can find the incorrect weight by using a balance n times.)

Ayt—Y (TF—20X=VHEFAT, ZHFLD Z &, If you wish, write “Do Not Post.”)

S OBEREMEOE S AN (o) FEINIEE - BOENEE R BT 2 2 & (b) —DOBCEO R IR
228 () BFEELBIE, ZHNELE L, INHICOVT, BXOEE -MBICOVT, ZOfE—
MIZDWT, FICBEERIZDWT, AND Ay =Y EfMTHHE VT TSIV, (There are three purposes of
this course; (a) to experience logical and mathematical thinking, (b) to have a glimpse of a world of mathematics,
(¢) to enjoy mathematics. Give comments on these, mathematics in general, or on this course especially for

improvements, etc.)
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BEODHEHR (World of Mathematics) February 28, 2011
Solutions to Final Exam AY 2010

UTOMEICEWTIRE TR > Theorem, Proposition ZAW3MFE, Handout IcHBDESE
3. ZORNBRZMHEL T ST &, Whenever you apply theorems and propositions in handouts, quote

the statements or their numbers.
1. p,q,r ZaEET S, (Let p,q, 7 be propositions.) (10pts)

(a) RORBIKD LomE S b, FOEBRETRT 3 2 10 koCHEE &, Bl 74, (Check
whether the following formula is valid by completing the truth table below.)

gVr=-p=p=(-gA-T).
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!

HﬂJEtiEEE (Decision and Reason)]
JR Y LD, FADRDEHED p, ¢, r DEIEIC DO THEICEL VRS,

(b) gVr=-p & = & A & fREZTZHWTERE, Zhold, MEM>THRV, = & v id
fibnz &, (Express ¢V r = —p by =, A and parentheses. Do not use neither = nor V.)

Biz=>y=-avVy taovy=-(-zA—y) BLY (a) TRLEZZEZHVE L

qVr=-p=p= (2gA-1)=-pV (g A-r)=(pA-(ogA-r)).

2. THHDEMBODT 7 7%E %25, (Consider graphs on 9 vertices.) (25pts)

(a) BIEFDOXED 2,3,3,3,4,5,5,6,6 THDLLIRT T 7IFFEL R L%, TwRWITHH
¥ &, (Explain why there is no graphs such that the degrees of vertices are 2,3,3,3,4,5,5,6,6.)
B2 RTERORBOMMIE 2+3+3+3+4+5+5+6+6=37TH%, —/7 Theorem 5.1
() Ik bz, BOBOMETHY ., HETH 2, 37 BB TELRVOTFETHS, Lk
BT, ZDXKI %77 73FEL KRV, [ ]

g o077 713, FERBOERD 5 ddH %, 43 Theorem 5.1 (ii) I 5 DTH
JETH2D, LEN>T, ZDXIRT T 7BFEEL RV, ]



(b)
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BIEROREDY 1,1,1,1,1,1, 1, z,y TH D &I BRI, MEFD >, TNO62TXRTHE, 2
NoPITRTTH 52 & 2HHICHHAY L, (How many trees are of degrees 1,1,1,1,1,1,1,z,y?
Draw them all and explain why.)

% : Theorem 6.1 XD 9 5 EOARITIZAD 8 Kdb %, Theorem 5.1 (i) 12 & > TREDFHIE
2:8=16 Thb, i>T, 16=1+1+1+1+1+1+1+ax+y &V z+y=9 %%, z<y
UL (x,y) = (1,8),(2,7),(3,6),(4,5) TH 5, KNiFEH;HDT, XEDH 1 DIAO THR I
BEEE L T B 2 &b b, LEd>T, UMD 4@DTH S,

9 'EJ:@ 6-1EHI 7" F 7 13 a[fEHH 20, ZOFHE BB E, (How many graphs are of 6-regular
graphs with 9 vertices? Explain why.)
B:0r7770M77 7139 KHED 2-1EAI7 T 7127 %, n f ko @iz 2-1E/1 77 713
v>3DEZFVOTHENTZ UL, n-ABEDLS, 9% IHFE2E 2T, 3 M EoARBICH
CEHSTOBPZIHET 5, ZHd

9=3+3+3=3+6=4+5.
DAY THB, NSk, 9ATE,. 3AK=>, 3AKL 6 T, 4AELE 5 ARICHET 3,
L7z23->C, 9 Mo 6-1ERIZ 7 713, s 4fEED 2-1F I 77 707 77 Th 5, [ ]

OREDTF7)TEAAT—=T 77 TEHDIDNINLE YT T 7TREBROLDE, NIV VT
FZI7TEDLEVAAT—T T 7 TR EDE—DTOME, ZNZTNVFAZHTTIDOTH
3% Z L 2 fEHUCHIHY X, (Give two examples of graphs with 9 vertices. One is a Euler graph that
is not a Hamilton graph, and the other is a Hamilton graph that is not a Euler graph.)

fi# :

EED7 T 71k, HETTXRCOESEOREPMUE DT, A4 7= 7TH5, LiL,

AFRDTER % — D B & E@RER 23 2 I 72 %, Theorem 7.3 & ) /N3 wb/777f
170,

L0757 3RED3 DIHEBZELDTAAL 7—7 77 Tldk\w, LaL, —[AH->TH &
DB ENTELDT, NIV T FTT7ThHS, [ ]

(9 M L) iR =77 7% o), £ IR ED) ZH 77 713 EABLDTH>THIR
LTIV T I 713k 6% 02 &2 X, (Draw an example of a connected bipartite
graph with 9 vertices. Explain why every bipartite graph is non-Hamiltonian.)

B I RIEBHD R WD T, TRTCEH T 77 ThHD, LEen>T, (b) DT T 71 TXRTEHS
77 CTHb, 1 (d) DEDTI7H 777 THhsb, (FHIZEH) 77 7 DRHEEIZ TR
TRIVEHETHL, (H-B-BH-BEL T, BREAICKSICIE, EIMEL, Definition 8.3
2 9THM TR TEB->TH LIKES &, HROEIIZ 9 ThTIE RS R, fEoT, 9 M
FOZET 7703, NIV VT T 7 TIEREY, ]
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3. 54EE ELP | Program A 2% 11, Program B 2% 12, Program C 285 Odb¥T28 DL 7> a v
APNTVD, COLERDEERD L, ED XS 2k bHEBICHIAYE L, ., DI
L% TR, (This year there are 11 sections in ELP Program A, 12 in Program B and 5 in Program

C, 28 sections in all. Answer the following number and explain why. No need to evaluate ,Cp,.) (10pts)

(a)

SR ELP ZEEL Tw 32406 50 AMUEZHED TELP ORHICOWVTEFE LA J &I
Lic, &7 av—ANEIRERICAZ LT ELE, 50 ADE 7> a VllO ABUMED & 2 61
50, (How many varieties of numbers from sections are there to select 50 representatives to discuss
ELP reform if at least one is from each section? )
B 50 AD[ 50— 1 D) BT 28 — 1 D LY 2 Ans AnJj LA L %D T,

50—1C28—1 = 49Ca97 = 49699896548176.
$7:0%, i ZEHDOX 7 avETDRI VT ATDOH%E b; (i=1,2,...,28) €T 25L&,

1<by <by < - <byr <49 < byg =50
o, 156 49 DERBO TS 27 HERUXZ DD by, by, ..., bar 7D REDE T > 2
YL Db ORIEL TV B, n
SEEELP 2EEL T35 4ED 9 B 50 ADSHAFED summer program (Z conversation partner
ELTCEMLALET S, 7 av o NBUbED ZEZ o b0, —ADSIML kb olk
73 avhdHbAEENES H S, (How many varieties of numbers from sections are there if 50 ELP

students served as conversational partner in Japanese Summer Program. There may be some sections

with no volunteers.)

R —1 A2 FEETCEBLEATLS, AVBEZIKEZLEEZT
50428—1Ca8—1 = 77C7 = 438387717763537500728.

¥, i BEHOR 7L avETORIVTATORE ¢; (1i=1,2,...,28) £T2&L, 0<¢; <
CQS"'§027§628:50 (Etf%o :2‘1651\ 1,2,...,27 72/'5&"@6;1’:\ 1§Cl+1<62+2<"'<
Cor+2T<TT<cog+28=78 Lx2DT, 1,2,....77 5 26 [ HALZEEMNEL TV, B

4. a,b,c,d, e f, g h Zfis (HETHLRY) 2y P 7 =7 TEHRNDLDZED 2w, ZNZND 2
REZFESBHBRD X ) IEZ 6N Tw s, ZORNDEM IS0, 202y 7 —7 H X
ek, (HAZIE M) (Find the least expensive network connecting a, b, ¢, d, e, f, g, h indirectly using

the table below. Draw the network and give its total cost. (1 unit = 10,000 JPY)) (10pts)
h a
| [uleltleld]e]b

alaf1]3]2]3 | . .

bjll2|1]3]1

c||3]1]2]4

dj|2123]1

ef|2|1]3

t]3]3 ‘e ‘

g | 4
e d

Bt (Total) : 9 AM
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5. T3 12THRID S 7% 23872 4-1ER 72 7 CTH B L%, £/ T IFVHZ 7 718 2L TE, 4%
i =B £ 72 1ZVWAE &%, (T is a connected 4-regular graph with 12 vertices. It is a planar graph
such that every face is either 3-gon or 4-gon.) (8pts)

(a) T DB L PHDOHBENEZ N Z 1\ DD, (Compute the number of edges and faces.)
B ADEE e, MIOBZ [ E§5, 12 HHED 4 EHIZF 77255, Theorem 5.1 (iii) & D
2e=4-12=48 7205 e =24,
WS 27 772706 Theorem 8.1 &0 f=2—v+e=2—-12+24 =14, fit> T, HDOH
I3 24 THIOHKIZ 14 TH %, n
(b) T DIIT3HELEES>TVEHDIFNL DH D>, (How many 3-gonal faces are there in the graph?)
B0 14 72006 3O E 2 L35 L, 4BDOEIL 14—2 L7 %, T T Proposition
8.2 (i) ZMV2 &,
3z +4(14 — z) = 2 = 48.

INED, 2=4-14—48=8, > T 3ATHENLHDOEIZ 8 TH 5, n
6. T 22N A 777833, 2oLE, T ITiE, BDEREBIUTOESEH 2 Z &%

BHL T &, (Let I be a connected bipartite planar graph. Show that I" has at least one vertex with
degree at most 3.) (7pts)
BB 3UTOEMBH2 I L2RTORDS, HEAOKD 5 DLEZELTRY, HEOK
Zo b, TRTORED 4 LLELZELTHEZELS, £9. HAZ 21,20,...,2, ET 5 &,
deg(z1) > 4,deg(z2) > 4,...,deg(z,) >4 £ 7% 5%, Theorem 5.1 (i) (Proposition 8.2 (i) [H L) I
FoT, WOB%Z e LT DL,

2e = deg(z1) + deg(a2) + - - - + deg(a,) > 4v.

L7eD3oT, v <ef2 LD, $lh, HEED 5 U EED»S, £HiE 3 A EoITHENTWL
2, LL, 2OV 7328777 0HBORIIMEETH L, Lo T, &HlF 4 K
D EodcHENTNS, I CHll Fi, ..., Fp 1& nyyna,...,np KCTHEN TV LTS L,
n1>4,n9>4,...,np >4 ThH2, LD T, Proposition 8.2 (ii) £ D

2e=n1+ng+---+np>4f
2135, LEedioT, f<e/2, 2T THA 7—DAK (Theorem 8.1) ZH\Ww5 L,

e e
2=v— <-—e+-=0
v e+f_2 e 5

CNBRFETH D, LEdio> T, XEH 3 LU DTHEDLSHFET 5, [

7. TBEAOMB, OFZEL 27T D D | IBIRRIRAC 1 FISMEEE Z 5, 2272 L, AT, 51RIIIE
b ET 3, (There are total of 27 periods this year for World of Mathematics. In each period one
problem is discussed and the total does not exceed 51.) (10pts)

(a) &I E1TMBZEALR/DND S L2 TORWICHHL THI IV, (Explain in detail why there is
a period only one problem is discussed.)
B 105 BIFEBLD Variation 2 Z %, ZNZNORRDY m =27 DIG/ BT, 2212 n =51
POMENASL ET 5,
n=51<2-2T=k-m
26, HLRHEICIE, TRIMTL2EZ R b5, L2 UIKRE LD R 1 IEHEZ S
DENPS, b)) E-MEZLNRIH S Z LIRS, ]
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(b) &I EMBALNENH 2 E2FAL THFI W, (Hint: 25 K H £ CTISRAMAIE 2 722>
ZE£3%Z %, ) (Explain that there is a certain consecutive periods the class discussed exactly 25
problems. (Hint: First consider how many problems were discussed in the first 25 periods.)
B9, ~HRTHT IRIEEZ 20806, 26 KIRH, 27 FRH &b 2 FI3REE
A% LD, AT 5 MaDns, 25 RKIRH £ TICE 2 2 MERIIRAT 49 M E 45,
ST, jIRRBHETICEZ 2REOREE 1 =0,1,2,...,25 2 LT, by, by,...,b05 T 5,
TR EDS

0="by <by <--,<bgy <49
THD, N5 26 DB by, by,...,bos 7 25 THoOLBHENVEEZLS, HE DI, 025 24
D25 DS, BTDHEVDBRECRTVBHFET S, =22 b bHIVEDZR b, T2, HFE
DBE LTS, b =25p+7r,b; =25q+7r E%558pq2eltdbltdiTEb, j>itT5
L. RERETICEZLMEDOY ¢ BRE TICEZLMEREL VL6, b, > b TH 2,
L7h3>T
0<b;j—b;=(25¢+7)— (25p+71) =25(¢ — p)

E D THUE, 25 DEFEIT, bos <49 XD B/NAI W05, bj—b;=25THsI EtBbhrs, T
. i+ 1IRRE?S jIRREETL ) E 2B MZEALILZ2ERL TV S, [ ]

8 143+ - +3" =" L HOEL D IT DRI EIMES>TLERREPE S 5T 0B85, 2D
HOPBEO2RREbroRw, £ 3 HOIELVLES O H B, KfEZ n+1 1) &, Z2OR
BRMZHETESL L2 FAWFNEZHOTHAL T EI W, 2L, ROFEIIHOTRY,

3ntl_g
2

(Prove by Mathematical Induction that one can find the incorrect weight among 1+3+---+ 3" =
weights by using a balance n + 1 times if only one is an incorrect weight and there are 3™ other correct

weights besides those above. You can use the following fact.) (10pts)

37 i (n=1,2,...) DBEH DI DEFRERSIE-TVLEIRERDE X >TVEA, 2
DARMDBEOPBEC2IEDP>TVS, TOLE, Ktz n b)) &, ZOLRRMES
RT&3%, (If there are 3™ weights including exactly one incorrect weight which is known to

be either lighter or heavier, then one can find the incorrect weight by using a balance n times.)

Bin=10tEIE, OFAEMMIREL 2724 MHOELD L 3FEDIEL B IBHZ I LTS,
4D LD 3MEEED, ELWHDERFRILITE, BIDEZIE, BYOlHIARM, Ebo6»
WEBUE, ZO3HOFICARRBREBH D, 21U, BODPEOLLLEICH»ZDT, O Eh
5HhE1THRMEZMF ) Z ETARMZRDOITBZENTES, Lo T, AdtTn+1=2FHTW
FIUILTH, ARMERDOITEZ ENTE S,

n=kDEEF, k+1MHTROFZIEDBTELELNET S, T4bL 1+34---+3"losd
DIZ—DOFTEHIDPESTVALAEMBEZIoT0E, L FHOLELVELYMICHE, 2D
LE, KM E+1 MY L Z2OAREMERRATES) ERET S, n=k+1 DL FiE, 351 o
BbbhE, EFLV OB )2 RFCEE S, EH06008 80U, s 3FL s D
DEDPIARTEDID D POZNBEVDPIECLbDP S, fEoT, Lol odbE k+1 FRME
fioT, ARMZHDOIZIENTES, AT, k+2=(k+1)+1=n+1MTH23,
STHDESLEER, DIVD 143+ +3FHOBL Y DOHICARMEDBHZ Z L35, [
Rz, 3R ELVWEL O NH DL 2050005 3F 2 LU, EOREICEID., kE+1
FITARMZRDIFONE I EDbro>, GHTIOEAL n+1HTH 5,

WTFNOBAEL, AREZ n+1BITROIT2 I ENTESZ LD >7D T, BEENRAEDR
FUZ XD, TRTOERE n IOV T ED I EDRLT 5 2 Ed3brot, (]



