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HZ D (World of Mathematics) February 29, 2012

Final Exam AY 2011

ID#: Name:

LITOMREICEWTIRE TR > /£ Theorem, Proposition ZHAWSM¥d. Handout ICHDE S X
&, ZORB%EMHEEL T S I & Whenever you apply theorems and propositions in handouts, quote

the statements or their numbers.
1. p, g r 2EE T2, (Let p,q,r be propositions.) (10pts)

(a) KORDEIUEDH I EC A 508 5 bk, FOMIMEEZRT 3 = Lo k- CHEHE &,
HFlH, (Check whether the truth value of the following formula is always 7' by completing the truth
table below.)

(pA(mg=71))=((p=—q) =)

pla|r|p A (¢ = 1|l = —q9 = r|=z
T|T|T F
T|T|F F
T|F|T F
T|F|F T
F|T|T F
F|T|F T
F|F|T F
F|F|F T

[*IJE&;EEE (Decision and Reason)]

(b) ZEHITEMIC - Z AT, XOXDBIEL WX I I Kk, 77U 2 3 hoEMED X 9 ZEHE
EROMEET 5, (Fill the underlined blanks with — in appropriate places so that the following is

valid. Here z is a proposition having truth values as in the truth table above.)

r=_rAN(_p=_4q)

Points

1. 2. 3. 4. 5. 6. 7. 8. 9. Total

/10 /15 /10 /10 /8 /10 /7 /10 /10 /90 pts
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2. I0 ANCTEF T2 L 2% 2%, (There are ten people who shake hands with some of them.) (15pts)

(a) FUCABDOANEBEFLZADBHT WS Z 2T X, (Explain there is a pair shaking hands with

the same number of people.)

(b) 2DILDINEFARELZSIABEEFLLET S, 209 ANDEFLAAKE, 0,1,2,....,8
BTE—ATOD, 1,2,..., 9 08T E—-ATOrOMN2THS I & Z2HHYE X, (Suppose that
nine of them shook hands with different number of people. Explain that these nine shook hands with

0,1,2,...,8 people respectively, or 1,2,3,...,9 people respectively.)

(c) HIlD X2, 2DIBDIANFABREBLSIANREBFLALLT S, $2BRE—ALIZ
BEFLLLETE, COLE, TE2ALEFLLAR 10 A2EDOHTH—ALT T, ZOADE
FLEDIZINLEFLILANL, SALEFLAATH S Z L 2HHE X, (Under the condition
in (b), assume that everyone shook hands with at least one person. Explain that among the 10, there

is exactly one who shook hands with exactly two, and these two are those shook hands with nine and

eight people.)
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3. 10 M ED YT 712DV TH R 5, (Consider graphs with ten vertices.) (10pts)

(a) XEDS 7 DHKEZ DD (10 K ED) FBTRWARZ TRTHIT, (Depict all non isomorphic trees

with a vertex of degree 7.)

(b) (10 K ED) 4 IEHIZ =377 71%, “FHEINZ 7 7 TlE7R\w I & ZRt, (Show that every 4-regular

bipartite graph with 10 vertices is nonplanar.)
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4. (a) MO LEZEDTIHEAR A 226 B NTLITEHOKE ., 7 HHET 15 A% FE sk — H 12 i
UARDGEDORERFALTH S I 2 I N1 WIEZ5 2 THHE L, —MdbIE R HBH->T
H D, (Explain that the following numbers are equal by giving one-to-one correspondence: (i) The
number of ways to move from A to B by going to the right or down. (ii) The number of ways books

are read each day when one reads 15 books a week. There may be a day one reads no books.)(10pts)

A—

(b) Z0o3EDY H 30 ,,C,, DI TEE, (Express the number in the form ,Cy,.)

5. a,b,c,d,e f, g h i jz2fs (HETHRY) 2y b7 =2 TEHARNDOLDZED 720, ZHZh
D2 R ZHSBHAPKD L HICG5EZ 6N Tw SR, ZORNDEIIVL 6, Z2O%y FT7—7
SR &, (HAZIE ) (Find the least expensive network connecting a, b, ¢, d, e, f, g, h, i, j indirectly

using the cost table below. Draw the network and give its total cost. (1 unit = 10,000 JPY)) (8pts)
| [ifinlelfleld]c]p] i e °*
a6|5]3|5]8]6 1|
b||8][6|2|5|6]5]3 @ o’
c||7|5(2|5]6|7]|3
dj|6[4|3|6|5]|5
el|8]6|6 |14
he ®°
f|5]3]|8]5
g|511]9
hi5]6
i |4 ‘e °
feo ®°

A&t (Total) :
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6. T 1% TEREDS v, AOBD e, HDOED f Th Z8EEE2FH 7 7 7T, FHIETRXTABREE L,
BIERORENL, 5 £713 6 TH 5, (T isa connected plane graph with v vertices, e edges and f faces.

Assume each face is surrounded by three edges and the degree of each vertex is either 5 or 6.) (10pts)

(a) MOz 20 &L &, HADOHZ D L K, (Assume that f =20 and find v.)

(b) HDOBUT—IC f L LA L E, KB 5 DIERIEIHEDDH 575>, (For arbitrary f, how many vertices
of degree 5 are there in the graph?)

7. TDT I 73 NINV Y777 TERWI &%, Theorem 7.3 Z W THHY X, S, A, w(A) 28
MITHZLHHRL, NIV 777 TIERWHIBZHFIT 5 2 &, (Show that the graph is not
Hamiltonian by applying Theorem 7.3. Describe S, A, and w(A).) (Tpts)
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8. 30 HEThoMtAZFtrZ Lic L7z, —HBRE1MNIFHHZ L1235, (A person decided to read 50
books in 30 days at least one book everyday, and recorded the number of books read each day.) (10pts)

(a) 30 HZHZAUAMZEA L 2o ld . RACHBED DTS 520 O DIFTRL. AEZ5 %
AL I A X, (How many varieties are there for the list of 7 days record of number of books

read each day? Give your answer in ,Cy, form and give an explanation as well.)

(b) & & 9 & 30 HEEA 72 B (MHE2> SMHEDM) & % Z & 23 &, (Explain that there

is a certain consecutive days that the total number of books read is exactly 30.)
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A1 5 —DAT (Euler’s Equation) I' 257477795, TDLE XROIED D, (Let

T be a connected plane graph with v vertices, e edges and f faces. Then the following holds.)
TEHR O (v) — ADMEEL (e) + H DML (f) =2

Z TS DB v, ADMEEDS e, HOMEEDS fTHZMER YT 77 T2, TOLEE, EoA

9. T
A 7 — DR BN TREBH L 72\, (We prove the formula by mathematical induction.)(10pts)

(a) f=1DEER, T BROEREZATILEEZRL, ZOHAIZ, A4 7—DRXPLT S
& Z B L, (Suppose f = 1. Explain that the graph is a tree and show that the formula is valid

in this case.)

(b) MOMWED f'=f-121DEFICIF, ZOLEDHNDE v, DK ' b ST, A4
7 —=DRAPOTHRLT 5 ERKEL T, HDOED f DEEICAAL 7—DARABEILE T &
ZHHE X, LOREZMI & X, 20z, ¢ MITHH0bHMEICT 52 L, (Suppose
the formula is valid if f' = f —1 = 1 for any v’ and €’. Explain that the formula holds for the case

there are f faces. State clearly what are v’ and ¢’ when you use induction hypothesis )

Ayt—Y (TF—20X=VHEFAT, ZHFLD Z &, If you wish, write “Do Not Post.”)

S OB EMEOE S AN (a) FEINEE - BOENEE R BT 2 2 & (b) —DOBCEO R IR
228 (o) BFEELEIE, ZHNELE L, INHICOVT, BXOEE IOV T, ZOEE—
MIZDWT, FICBEERIZDOWT, FAND A v =Y EfMTHHE VTSIV, (There are three purposes of
this course; (a) to experience logical and mathematical thinking, (b) to have a glimpse of a world of mathematics,
(¢) to enjoy mathematics. Give comments on these, mathematics in general, or on this course especially for

improvements, etc.)
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BEODHEHR (World of Mathematics) February 29, 2011
Solutions to Final Exam AY 2011

UTOMEICEWTIRE TR > Theorem, Proposition ZAW3MFE, Handout IcHBDESE
3. ZORNBRZMHEL T ST &, Whenever you apply theorems and propositions in handouts, quote

the statements or their numbers.
1. p,q,r ZaEET S, (Let p,q, 7 be propositions.) (10pts)

(a) ROAXDEBUENHICEIZ e 2708 ) Ik, TOHMEZELT 5 2 LIk > THEY X, Bl
HEIE, (Check whether the truth value of the following formula is always T by completing the truth
table below.)

(A (mg=71))= ((p= —q) =)

pla|r|p AN (¢ = nr|lk = —q = 71|z
r|\r|r|\Tr T F T T|T F F T T|F
r|\T|F|T T F T F|T F F T F|F
r|\r|lT|T T T T T|T T T T T|F
T|\F|F|T F T F F|T T T F F|T
FlT|T|F F F T T|F T F T T|F
F|lT|F|F F F T F|F T F F F|T
F|F|T|F F T T T|F T T T T|F
F|F|F|F F T F F|F T T F F|T

[*u%tiEEE (Decision and Reason)]
ELW: BT DEIAHIE, 2RICHAITT THEDT, (pA(~g=71)) = ((p= —q) =)
DHICHTH 5,

(b) ZEMICENIC — 2 AR T, KORBEL W ESIcHk, £7L o (3 LoBHED k5 A& HHH
ZROME LT3, (Fill the underlined blanks with — in appropriate places so that the following is

valid. Here z is a proposition having truth values as in the truth table above.)

BB FoEMEDENEHKL T2 5,

r=-rA(_p=>q)

Points

,_.
N
w
I
wt
o
-
0
©

Total

/10 /15 /10 /10 /8 /10 /7 /10 /10 /90 pts
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2. I0 ANCTEF T2 L 2% 2%, (There are ten people who shake hands with some of them.) (15pts)

(a)

FUCABDOANEBEFLZADBHT WS Z 2T X, (Explain there is a pair shaking hands with
the same number of people.)

B BTFORNMORREIATUSNERE LBTFT256KE25 9TH5, £ IANLEFLLA
iU, ZOANFIEELBEFLAILILLHZ2DOT, #ELEFLA» > AZwRLI LIk
5, L7edioT, OANDANEERBFLZAD R FIUE, BFLAZABIZ, 0005 8 DL IFNnk
75 9D, 9 AOANEEFLEADVIUL, 1226 9DRIE) 9HTHS, 10 A\dZzNZE
NHPETF L ZABDIOTNOSAES 9@ o, B BEMICED, ACAREETFLAA
BTV LD, [

ZDILDINEALRRLESENBEBEF LTS, 209 AOEFLZARL, 0,1,2,...,8
WTE—ATO, 1,2,..., 9 BT E-ATOLDOMN»TH S 2 L2IHHT X, (Suppose that
nine of them shook hands with different number of people. Explain that these nine shook hands with
0,1,2,...,8 people respectively, or 1,2,3,...,9 people respectively.)

BB:(a) PO BEFLAABZ, 0258092 125909 THE, VWE, 9 NIA%
B0l NBERTFLALLDHZ2DT, ELHLD5GLZD 9B IXRTEHNS I LTS, L
D30T, TCD I ANDEFLZABIZ, 0,1,2,..., 8 BT E—ATO0, 1,2,...,9 BT E—A
TOLDMN,LTH 2], ]

HIFD X I12, TDIEDINEFABRELSEANBEEFLLET 2, $AEEHPRE—ANLE
BFELALETZ, COLE, TE2ALEFLAZANZI0 A2EOHTHL—AZTT, 2OAE
FLEDFZIANEEFLIAL, SALBEFLAATHS Z L 2FHE X, (Under the condition
in (b), assume that everyone shook hands with at least one person. Explain that among the 10, there
is exactly one who shook hands with exactly two, and these two are those shook hands with nine and
eight people.)

B, 2EPRIE—-ALEBEFLAZLDHLDT, (b) kD T2DI ADEFLAKIL, 1,2,...,9
DTE-ATOTHS1, ST, TOFICTE-ALBEFLEZADTEALEFLLZAL A
Wb, SNEBETFLZEZADED, 200t RRLETFLADEDLS, TE-ALEFLALA
b, TEZALBEFLEASL, TEZOIADIAIDOAL, 2O IANEBEFLEALEFL L
5, $LTE-ANEEFLEAZ, Z0UADOANEZBEF LR, TESADANLEFLZZAD
WA, ZONE, TE-ALBEFLEADNARBLBETF LI LICA20T, TEALET
LZANEDBEFLTED, COANDEFLAMFR, OALEFLEAL, SALEFLELAT
Hb, STCTALEFLEADVEY, TOANIX, TE-ALEFLEZALL, THEOALE
FLEAEBSEFTERVOT, ZNUNOLBLETFTLILICks, §5L, COTE A
EBEFLAEAETEANLBEFLZADSNEAL, O ANDANEETFLLEA, BADALEFLL
M ITADANEBFLEALBFLTR2DT, RIETH BADALEFLTED, 2ol tp
5, TEZANEEBEFLEAZEYD 9 AOFIZWI— AT, zidninwl L5005,
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3. 10 M ED YT 712DV TH R 5, (Consider graphs with ten vertices.) (10pts)
(a) XEDS 7 DHKEZ DD (10 K ED) FBTRWARZ TRTHIT, (Depict all non isomorphic trees

with a vertex of degree 7.)

2 K% DT, Theorem 6.1 X 0., AOAEIZ, HEOEL ) —Awvhs, 9 THB, fE-T
RBOFANE, Theorem 5.1 £ H 18 TH %, Tk b, HEOXEZ, 7,3,1,1,1,1,1,1, 1,
1 THDHh, £7/2137,2,2,1,1,1,1,1,1,1 TH 3, XE 1 DHEMUNBEBHE IO T
WEDT, 7-3, 7-2-2 £7213 2-7-2 DOBRBD FFHE LTS, fiE-T, @D T, LTFTOowTn
I 5,

(b) (10 K k) 4 1L IZ =7 5 71&, P27 7 7 T3 7%\ 2 & 2731, (Show that every 4-regular
bipartite graph with 10 vertices is nonplanar.)
BB:ESOB v=10 T4 EHZEDLS, 40=4v=2e L DUDE e =20, fE> T, A4 7—D
ARED, HOEIT f=2—v+e=2-104+20=12 TH 3, 77 7%DT, KT
TH 4AARKDIATHENT VS0 5, Proposition 8.2 kD 48 =412 =4f < 2¢ =40, Z3UIF
JETH 2, LEh>T, 4 1EAIZ% 10 5 ED 77 71, SFHITIE A, n

4 (a) BOEEREDTIOER A 25 B ~FCFEHOME, 7 AT 15 A% Ftko — [ g3
ORDGEDHERFALCTHS 2 L2 112 E A THIE L, ~MbFE2VHRH-T
bR, (Explain that the following numbers are equal by giving one-to-one correspondence: (i) The
number of ways to move from A to B by going to the right or down. (ii) The number of ways books

are read each day when one reads 15 books a week. There may be a day one reads no books.)(10pts)

A—

B
BB TARD S, A DS BADHET, 1 BLOBELIHEALRAT Y 78%E a. 2FHD
MEEICEATL ATy 7% as BE L, a1,a90,...,a7 EROBE, 2FTHICIZ 15~2AH D
DT,

a1+ as 4+ as + aq + as + ag + a7y =15

ThHs, 22 Tay 2 1 HHICHOGARDOME, ay 2 " HHICHOADIME, &L 5E, TH
MICTE, 155 e E0—HEICHROADOMEDS T E-—-@ ) Wnd 5,

Wiz, 7T HRZ2 N FTHUGMED a1, a0,...,a7 EE5Z 6N TR, a1 +as +as+as+as +
ag+a7 =15"T, fill ay ATy 77> TR —AT v 7, DFIC, fillay A7y 7f1oT, T
=R Ty 7, ELTWIFIE, &FT, AIC15 ATy 7, TIZ6 A7y 7f7{ DT, TE, B
KEDHELDT, ADS5 BANDHEERMEL T3, |

(b) 2815 WFAED & %0 ,Ch, DB THEY, (Express the number in the form ,,C,,.)

BIALTLODET, 21 ATy TR, ZDI L, 6 AT v 7 NTHEGRAT Y 7HAZ06,
BRT, 591Cs WY H DT LT 5, [
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5 a,b,c,d, e f g hij &S (HETORY) 2y P77 TEARNDOLDEMED 72, Z0LZN
D2 JHZRESEMBRD L I IZEZ 5N TR, ZORNDERIZCL 5 ZDFy L7 —7
SR &, (RAZIE ) (Find the least expensive network connecting a, b, c, d, e, f, g, h, i, j indirectly

using the cost table below. Draw the network and give its total cost. (1 unit = 10,000 JPY)) (8pts)
| [ifi[n]g[f[efd]c]b] j s

a6[s]3]5]8]6]1 1]

b|8|6[2]5[6]5]3 i b

cl|7(512]|5]6]|7]3

dj|6[4][3]6|5|5

e||8|6 6|14

o = ®°

f15]3]8]|5

g|511]9

hi5]6 g d

i 4

f e

A5t (Total) : 19 M

6. T 1% TEREDS v, HDEDS e, DD f T 2852 FH 7 7 7T, FHNIETXT3ABREE L,
KIERORENE, 5 £7213 6 TH S, (T is a connected plane graph with v vertices, e edges and f faces.

Assume each face is surrounded by three edges and the degree of each vertex is either 5 or 6.) (10pts)

(a) HIDEHZ 20 L L7z E, HHEOHEZ S LD X, (Assume that f = 20 and find v.)
T RTOMHMP =G TH S Z &b 6, Proposition 8.2 XD 60 =3f =2e, Z1&LD, e=30
#1345, f=20 00644 7—DRRED, v=2+e—f=2+30-20=12 2%, JHRDOHK
212 THBZ EDBTH 5, [ |

(b) HDOBUT—MIC f L L7 L E, KB 5 DIERIFIHED D 575>, (For arbitrary f, how many vertices
of degree 5 are there in the graph?)

BB KBS 5 DIES OB E p LT3, T5 &, Theorem 5.1 %721%, Proposition 8.2 X
5p+ 6(v —p) =2e, L7D35T 6v=2e+p.
% 72, Proposition 8.2 & O, KMV =AW TH 5 Z L 2ffioT,
3f = 2e.
AA T —DEREM) &
26+p7 2¢ p

2: —_ = e
v—e+ f 5 e+3 5

L7edio T, REH 5 OIEHMOKIE, 12 TH 5, ]




Page 5 of 6

7. FDT I 73 NIV T 57 TIERWI LR, Theorem 7.3 ZHWTHHE X, S, A, w(A) 28
MTHZLLWHRL, NIV YT I 7 TERVHBZHFT 5 2 &, (Show that the graph is not

Hamiltonian by applying Theorem 7.3. Describe S, A, and w(A).) (7pts)
> I > o o o
@ @ [ [
S I S o o o
BAHBDOKOAN» G2 THNZ S £ 95, COHMNZIROWTTEL-HFLHDI77% A LT3

&, U, TRTINZL 7 SDTEMD 6% 5 75 7 % DT, EEHTOBIE, w(A)=8. S DIE
HENE T DT, Theorem 7.3 X0, —BLEDT T 71@FNIN VT T 7 TldWI E830ho7,
| |

8. 30 HMTs0 A ZFiEr 2 Lo L7z, —HmME 1 fiHIFEE 2 L1235, (A person decided to read 50
books in 30 days at least one book everyday, and recorded the number of books read each day.) (10pts)

(a) 30 HZENZ 1 FEA 72201, 2 ThE b OAREMED S 52> ,,C,, DIETHRL, BEZ ) 7R
08B IMZ X, (How many varieties are there for the list of 7 days record of number of books

read each day? Give your answer in ,,C), form and give an explanation as well.)

B 50tz 30 H 2, 49, EOHICH 1HHNIAZ X HICT 2D LR LDT, 50 itz —
SN2 6 R, ZD 49 DRERDED I &, 29 AT ) 2 vl RET30 a5 e
MTE D, LEB>T, 205G

19C9

(b) B x 9 &30 MEEA I (MHE2SMHEDM) 239 2% Z & 23 X, (Explain that there
is a certain consecutive days that the total number of books read is exactly 30.)
81 HHICHAZTMELZ by 2 HH £ TICHAZTHLZ by 3 HE TICHAZTHLZ b3, ...,
30 HH F TICBAZMEZ by £T5, T5&, HBHAMNIFTHODEDLS, by, bo, ..., by 131
MLTWE, wEIE, 50 1I27% %,

1§bl<b2<b3<"'<b30:50.

ZZT by,by,....b3g & 30 THEID, B% qi,q0,...,q30« DED%E 71,79,...,130 ET B &
b1 = 30q1+71, by = 30ga 472, ..., bgg = 30g30+r30 EHLS T EWBTES, TIT, ri,79,...,730
FHEDEPS ODE, 29 LN TH B,

Case 1. 71,79,...,730 DI B ENDLD 0 L7 b L &,

ri=0%833E, b;=30q 55 i HHE TIZHALMED 30 THOUINBZ Licks, 2
., 150, £50 205 30 DfFEEVHI T EDS b; =30 20F D, RPDOHDS i HHET
TEE 30 EEA 72 itk b,

Case 2. 11,79,...,730 DEND 0 Lot F,
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INSd, 1 E29 T ERZDT, MOFFIICKD, AU bOVBHFET 2, ZNE ri=1r; =1
(i<j) &TBE b =30q+7r b =30g; +r EHFFE»5, i< kD b <b KHEEL
T, AZZ2EDE b —b;=30(q; —q;) £%5D. 2FED, bj—b; b 30 DEHTHS, ZDHKD
1B E, 50 U226 (FEBIZIE b, 20W0TWADT, 49 UT) . 30 DL WwI L kD
by —b; =30 L%, Ziuk, j HHE THALZAROED S, i HHE TIRFHALZRDOEZH]
DEDPS, i+1 HE»S., j HAETHALEADEDTE 30 fitch 5 Z L 2EKT 3,

o T, WTNDEES, THE 30 A 2R S 2 2 Lo 7, ]

A1 5 —DAT (Euler’s Equation) I' 2574V 7795, TDLEE ROIED LD, (Let
I be a connected plane graph with v vertices, e edges and f faces. Then the following holds.)

THR O (v) — ADMEL (e) + H DML (f) =2

9. I' ZTEMDMEED v, ADMEEDS e, HOMEEDS fTHh 2R FH 77895, ZOLE, Lot
A 7 — DRz BUANRANECTIE L 72>, (We prove the formula by mathematical induction. )(10pts)

(a)

f=1DLEIF T IFROEERZMITIEE2RL, ZOHEAE, T4 7—DRADBKIT S Z
& #FHE L, (Suppose f = 1. Explain that the graph is a tree and show that the formula is valid
in this case.)

R ROERIE, HEETHEKDORWT 77 THs, f=1,L0w) I LiF, HEIZVEV) L
Thb, mlro, HEIIRKESNTHED 6, ZOKE, 7771k, KREkb, KoL Zid,
Theorem 6.1 12X > T, HOEIF, HEOBLD —2P VDT, e=v—-1 LEMB>T, f=1
EWVIHIRELD,

v—et+f=v—(v—-1)4+1=2.

L, ZOEEE. A4 7 =R o, m

HDOMWEED f/=f—121DEXITIE, ZDOLEIQOMEMDOE , LD ¢ ITHbH ST, 44
7 —=DRABDOTHRT 5 EREL T, HOED f DEEICAAL 7—DAABELE T &
ZHHE X, LOREZMI £ &k, 20z, ¢ MITHE0bHHMEICT S 2 L, (Suppose
the formula is valid if f' = f —1 2 1 for any v’ and €’. Explain that the formula holds for the case
there are f faces. State clearly what are v’ and €’ when you use induction hypothesis )

BB:(a) XD f=22 LTk, 20, HOKE, 1 TEHBVDOT, —FIMIDIADH I EH
5%, bbb, PRIEET 2, PO, NlEMIoRICEL Tw2, 20U
Z—DOMDERS &, ZOMUDOWPOEIE—DICR 55, ZOAPEL TV EDIF, ZDODMHTE
J%oT, ZOAZMOERNTTESZ 77 71F, WPB—2HY f/=f-121, Ab—2bH
e =e—1, HRIFZLL BV, o =0, FLHBNDLZ —DHD RV %0 T, #HfET
HHTLIF, L, LEo>T, 2077713, d@ifik Vs 7 7T, MOBR—>D7k
v, REDS ZDHEIE. A4 7 —DERXIRLT 5 DT,

2=0v -+ f=v—(e—-1)+(f-1)=v—e+f

L7e3o T, HOED f OifE A FH 7 7 71280 Th, 74 7—DRXIKLT 5, []



