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BEFEOM5R (World of Mathematics) March 1, 2013

Final Exam AY 2012

ID#: Name:

LITOMREICEWTIRE TR > /£ Theorem, Proposition ZHAWSM¥d. Handout ICHDE S X
&, ZORB%EMHEEL T S I & Whenever you apply theorems and propositions in handouts, quote

the statements or their numbers.
1.p,gr2tmEETS, £/, 2,y,2 ZRD LI ITEL, (Let p,q,r be statements, and set) (10pts)
r=(pANg=r, y=@Ve=r, z={@=>r)A(q@=r).

(a) z,y, 2 DEMEZ5ERE X, (Complete the truth table of x,y, 2.)

<

pnNng = r|VeyY = 71| |E=>1 AN (@=r7)

SR o e T o B B T = B B I e B | e
SR RGE RN N RN R R R R RN
ST e B o T e B o B B o I

(b) XDOAD ) LEBENHICEICR 2 b DTN T2ATHD,
(Find all formula such that the truth value is always 7. Encircle them.)

ix=y,
ii. = 2,
iii. y = 2,
iv. y = x,
V. 2 =,

vi. 2 =9.

Points

1. 2. 3. 4. 5. 6. 7. 8. 9. Total

/10 /10 /10 /10 /10 /10 /10 /10 /10 /90 pts
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2. ZaE 119 ADHTEHWIZHID) A\VTh 5 A2 %, (In a class with 119 students, find all pairs of

mutual acquaintance.) (10pts)

(a) ZiE 119 NDZNZENDOH D BV DOBDOGIHIMEHETHL I L2, TOI—RAZ2XZL Tz
WICURICHEFETE 3 L)1, o2 b ICHP L T < Z S, (The sum of the number
of acquaintances of these 119 students is even. Explain this fact without using a theorem in such a

way ICU students who are not taking this course can understand.)

(b) HID VDV EDABBEETHZ AL, 2D 1 ADFICHTHHRANL I EZ, ZDa—X
23 L TRV ICU AICHHMBTE S L)1, OB 2L TICHIIL TL 2 S, (There
are odd number of students among these 119 whose number of acquaintances is even. Explain this fact

without using a theorem in such a way ICU students who are not taking this course can understand.)
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3. 8 M DT T 7122w THEZ %, (Consider graphs with eight vertices.) (10pts)
(a) BIHMDORXEDT X THED (8 K D) AR TR WAZ TXTH T, (Depict all non-isomorphic

trees such that every vertex is of odd degree.)

(b) 8K ED)5IEHIZ 2 7 CRM TRV D, BLO, 202N 7 7 7 Z4ffilf, (Draw all non-

isimorphic 5-regular graphs on eight vertices, and the complement of them.)



4.

5.
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(a) 20 EAD D7 —EY FFaalL— iz —fH->T, 5 AOWBITIT0w, 2NN 1
BHH6R25L9ICT 2L, Ml DI DDH 20, ,Cp, DIETEZ, FH S EHICEHIL T]
72 3\, In how many ways can 20 chocolate pieces be distributed among 5 children when each

child gets at least one? Give the number in the form ,,C,,, and briefly explain your reasoning.

(b) 20fHAD DX v 7 AN %—FH->T, 5 NORBIZT T 7w, B DFI DD 2D, ,Cp
DIETEZ ., BHSHHICHHA L T 723, In how many ways can 20 chocolate pieces be
distributed among 5 children if there is no restriction? Give the number in the form ,,C,,, and

briefly explain your reasoning.

a,b,c,d, e f, g hijz2ks (HETHRY) 2y PV =7 TEARNDOODZED 2w, Z20E
Nno 2 HEEESBEHBRD LI ICEZ6NTw LR, ZORDNDOEHIZVL 62, 2Dy F7—
7% TR R X, (BALIETH) (Find the least expensive network connecting a, b, c, d, e, f, g, h,

i, j indirectly using the cost table below. Draw two such networks and give the total cost. (1 unit = 10,000

JPY)) (10pts)
Je 0l
L [ifilnfeltfefd]c]b] o ob
all3]al2]3]1]4 4] 2
bll2l1]alal3]4
cllals|243]2 he o
dlls]3]3]2]1]4 Je L
el|3]4]4|3|3 i@ P e od
flal2]4]a
¢ [3[4]3 fo o
W43 he o
i[5
g. .d
fo o°

&5t (Total) : 7 (x 10,000 yen)
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6. I 13 THREDS v, LOEDS e, MDD f THLHERERTIHI 77 THDET2, ZDLE, find
pRUTDEIICT S, (T is a connected plane graph with v vertices, e edges and f faces. Let p be the

following statement on T'.)
p: TCiE, REDS 2 DT OEMEZIZ 5 AT THEN TV BHPFEET %,

(There is a vertex of degree at most two or a face that is surrounded by at most 5 edges.) (10pts)

(a) Al p EWHETTY, p #HETHE. v 2e H0 f < Le PRUT 22 LEBWIC X, (In
order to prove p, by way of contradiction, assume p does not hold. Explain that v < %e and f < %e

hold. )

(b) i p DAL T S Z & &R, (Show that the statement p holds.)

7. TD7 7 71220wT#EZ %, (Consider the graph below.)

(a) NIV P T F7TIE RV L%, Theorem 7.3 ZHTHIE XL, S, A, w(A) PMTTH S0
BIURL. NIV v 75 7 TR WEHZET %2 2 L, (Show that the graph is not Hamiltonian

by applying Theorem 7.3. Describe S, A, and w(A).) (10 pts)

a b

d
c e

f g
(b) “HRZEI 2 Dl @ o @ Tiis&L. Euler 77 712k%, (i) 24U, £D
FERD», £, () FTILW T I 71, NIV Y7 T 70, If we connect two vertices of the
graph by a path of length two @ @ @ ., the then it becomes a Euler graph. (i)

Which are the two vertices? (ii) Is the resulting graph Hamiltonian?

(i) (ii)
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8. SRIOFEDOMF ORI 27 M H O, M 1 MIIMEZEZ 5 2 Lic L, 2T 50 MIZRS w2
EIZ L7, (There are 27 classes of World of Mathematics and at least one problem is discussed and total

number of problems does not exceed 50.) (10pts)

(a) TE—MEZ LN H 2 L z2HiHE X, (There is a class exactly one problem is discussed.)

(b) Bx 927 MBZ M (MHE2SMHEDM) 2392 2 & %2FiHE X, (Explain that there
is a certain period of consecutive classes (eg. from day 3 to day 20) that the total number of problems

discussed is exactly 27.)
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9. (a) TOXIBF 2 AEPS, x DEIAZMD RV ODIE, (A) ¥4 7O MO TIIIME G
DN\ EEFBHY X, Consider the 8 x 8 board with the square with x removed. Explain
the fact that it is impossible to cover up the board without overlapping using two types of
plates of type (A).

(A) B)

(b) *x DEZAICWPST, 2% LMD BRWTH, (A), (B) © 4 BEOWZMZI1E, ELSK
WEHICBEFTED SN D Z L 2P L, Consider the 8 x 8 board with one square removed.
Explain that no matter which square is removed, the board can be completely covered up by

4 types of plates in (A) or (B) without overlapping.

Ayt—Y (TF—2X=VHEFAT, IZHFLD Z &, If you wish, write “Do Not Post.”)

S OBEREMEOE S AN (a) WIS - BOENEE R BT 2 2 & (b) —DOBCEO R IR
228 () BFEELBIE, ZHNELE L, INSHICOVT, BXOEE - BICOVT, ZoEE—
MIZDWT, FICBEERIZDOW T, FAND Ay =Y R EfMTHHF VT TSI, (There are three purposes of
this course; (a) to experience logical and mathematical thinking, (b) to have a glimpse of a world of mathematics,
(¢) to enjoy mathematics. Give comments on these, mathematics in general, or on this course especially for

improvements, etc.)
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BEODHEHR (World of Mathematics) March 1, 2013
Solutions to Final Exam AY 2012

UTOMEICEWTIRE TR > Theorem, Proposition ZAWME, Handout IcHBDESE
3. ZORNBZMHEL I ST & Whenever you apply theorems and propositions in handouts, quote

the statements or their numbers.
1.p,grZfmdEET 2, £/, z,y,2 ZRDLIHIZEL, (Let p, g, be statements, and set) (10pts)
z=pPAg)=r, y=pmVg=>r z=@=r)A(g=r).

(a) @, y, » DEMELZ TR L, (Complete the truth table of z,y, 2.)

pla|r | A = r|(VveyY = 71| @=>r) A (¢=71)
T|T|T T T T T T T T T
T|T|F T F F F
T|F|T T T T 7T T T T
T|F|F T F F T
F|lT|T T T T T T T T
F|T]|F T F T F
F|F|T T T F T T T T T
F|F|F T F T T T T

(b) RDAD ) L EHEPHICEIZ R 2 b DT RTZATHD,
(Find all formula such that the truth value is always 7. Encircle them.)

Soln. Note that y = z and y = z is always true. Hence

2. ZaE 119 ADHFTERLWIZHID 5V TH S A% 5, (In a class with 119 students, find all pairs of

mutual acquaintance.) (10pts)

(a) ZiHE 119 ADZNZNDOH) G LOBOATHIMETH S I Lz, ZDa—2AZ2%Z#HL Tk
WICUBICHHETE 2 X )1, OoEM 2L ICHPIL T Z S, (The sum of the number
of acquaintances of these 119 students is even. Explain this fact without using a theorem in such a
way ICU students who are not taking this course can understand.)
Soln. 2 AWHID BV THEETEHE, ZORTDADHID GCOBICHFET 5, AIHAVDNR
TORE e LT DL, ZlE 119 ADZNZFNDOAD B LOBDEFHE 2 LD, BETH
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5, BlZiEa b c,d D4 ANDEE, ab &, ac & ad &, beDHIDEWLEET S, AIHEW
D7 DEIE 4, a DHIDEGWIE, bye,d D3 A, b DHIDEWVIE a, ¢c D2 A, ¢ DEIDEW
iXa&b dDHDEVIE, aZFELL, AIDEVOEDEFHE, 3+2+2+1 =8 THEDIIZ,
2xe=8 ERoTV3, MPUDRTDOHIZ a, b, ¢, d BZNF R T X 7= DBz A
TVLRDENE, Z0UE, XT7OEDETH 2, H>T. ZORIIMEL %5,

If two, say a and b, know each other, b is counted as an acquaintance of a and a is counted as
an acquaintance of b. So one pair of acquaintance contributes to 2 in the sum of the number
of acquaintances. Hence if e is the total number of pairs of acquaintances, the sum of the
number of acquaintances of these 119 students is 2e, which is even. If there are 4, i.e., a, b,
¢, d and a,b, a,c, a,d and b,c are pair of acquaintances, the number of acquaintances of a is 3
as b, ¢, d are those a knows. Similarly, b knows 2, ¢ knows 2 and d knows 1. Thus the sum
is 34+ 2+ 241 =8, which is 2 x 4, an even integer. This is the total number of a, b, ¢, d
appearing in the list a,b, a,c, a,d and b,c of acquaintances, it has to be 2 times the number of

pairs of acquaintances. |

(b) D HVDOEDABBMERTH D ANE, SO 1IADFIBTHBRACLZ L%, TOa—2A
ZiEL TRV ICUALICHHETE S L) I2, 2B 2o ICHH L T ZS v, (There
are odd number of students among these 119 whose number of acquaintances is even. Explain this fact
without using a theorem in such a way ICU students who are not taking this course can understand.)
Soln. 119 ADZNZNOH Y GVOHZRL T2, ZOHITIZARS, Wb H 2 b
N5, LLAEHE, () 226, IR RTE RS Rw, BEIZVC SR TS, B
23, FHUE, BEBIRE S MBI 20, TR T LT TH S, 2 I THRDMEBICAR S 7%
OITIE, WU, BB IR S B, DFE D, AV AVDOADBTUANTH S0 L1, HEK
ANTH2, MHEVDOABMEEATH 20 L1d, 20 DS ED 6. 119 oz n < & T
Eib, Thbb, AIDGVOEPMEETH L0 LI, HBANCLILICKS,
In the sum of the number of acquaintances, there may be even and odd numbers. However,
the sum of even numbers is even, while the sum of even number of odd integers is even. Since
the sum is even by (a), there must be even number of odd integers. Since it is a sum of 119
integers and there are even number of odd integers, the remaining part, the number of even

integers is odd. [ |
3. 8 LDV T 71220 THZ %, (Consider graphs with eight vertices. ) (10pts)

(a) BIERDOXBDITRTHBD (8 5 D) FHTHRVAZ T XTHET, (Depict all non-isomorphic
trees such that every vertex is of odd degree.)

Soln.

Ko < 1L

The degree sequences of these graphs are (7,1,1,1,1,1,1,1), (5,3,1,1,1,1,1,1) and
(3,3,3,1,1,1,1,1).
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(b) (8 /i LD)5IEAIZZ 7 TRIBITR WO D, BXU, Z2NZFNDHi/ 7 7 i}, (Draw all non-

isimorphic 5-regular graphs on eight vertices, and the complement of them.)

Soln. Since the complement of a 5-regular graph on 8 vertices is a 2-regular graph, we first
find all 2-regular graphs on 8 vertices. They are the 8-gon, two 4-gons, and a union of a 3-gon

and a 5-gon. The corresponding complements are drawn below.

-
L

0AYDD7—FEYFFaal—rZ2—E->T, 5 ADWBIZTT\v, ZNFNDHRAE 1
BH522L9ICT 2L, @Y DTTSHDRD B0, ,,Cp, DIETEZ ., Pl fEELICHH L T L

72 Z >, In how many ways can 20 chocolate pieces be distributed among 5 children when each

e

)

child gets at least one? Give the number in the form ,,C,,, and briefly explain your reasoning.
Soln. 19Cy. 20 5XTZD 19 DT E 2, 4HHA SN, 52722 EMNTES
DT, TRk B, CzFaalb—rEL, | 2D ELT, 2OMYIN 26 4 fET L,
Arrange 20 chocolate in a row. In order to divide them into five groups, we put 4 separators
among 19 places between chocolates. C' is for a piece of chocolate, and | is a separator. We

want to choose four separators out of 19.
c|cieie|ie|ieieieiee|eiclielelele|eeele

20fHADDF v 7 XANZ—FE>T, 5 ADWHIZT T, @Y DI TT08H 50, ,Cp
DB TEZ, HlHEHICTHI L T< 23 v, In how many ways can 20 pieces of chocolate
pieces be distributed among 5 children if there is no restriction? Give the number in the form
nCm, and briefly explain your reasoning.

Soln. 54Cy. 25 HICLTH VT, RE-DEH5ZX2LIICLTRY, 0 ED2TOHLENGIK
LA K, B HOLDF 5 ATRIE—-DEIEZ 2 k5 1cbiF 25U AR, (a) DEZ
5., 2D %, First borrow 5 more chocolates from someone and distribute 25 of them so
that each gets at least one. After distribution, collect one from each. By the logic I explained

in (a) there are 24C4 ways when each child gets at least one, this is the answer. [ |
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c,d,e f g h i j &S HETHRY) 2y b=V TCHARNDNDODEED 12\, 207

No 2 JEZFBSIEHBRDO LI ICEZ 60TV RR, ZORNDERIZNL 62, 2Dy M7 —
7% R R X, (BALETH) (Find the least expensive network connecting a, b, c, d, e, f, g, h,

i, j indirectly using the cost table below. Draw two such networks and give the total cost. (1 unit = 10,000

JPY)) (10pts)
) a
ENBDNENOnD . AN
all3/al2]3]1]4 4]2]
bl 214|434 1 //
cl4[5]2]4]3]2 . b ¢
dl[5]3[3]2]1]4 J & //
cll3]a]4a]3]3 i o ‘i;>§z\\,b ge d
flla2]4]4 ‘L///:7V‘
f e
c 343 //
h4]3 h /}C
i[5 //
e d
7

A&t (Total) : 15 AM (x 10,000 yen)

6. T i3 TENEDS v, LOBDS e, HOBDS [ THLIER AV 77 THDET D, ZDEE, il
p ZUTDEHICT 3, (F is a connected plane graph with v vertices, e edges and f faces. Let p be the

following statement on I'.)

p:

IZiE, READY 2 LT OTER £ 7213 5 WP THEN TV 2 HIPFET 5,

(There is a vertex of degree at most two or a face that is surrounded by at most 5 edges.) (10pts)

(a)

ol p ZTIECHRT, p ABET 5L, v 2e b0 f< e HRIT 22 L 2B L, (In
order to prove p, by way of contradiction, assume p does not hold. Explain that v < %e and f < %e
hold.)

Soln. /Y % &, FIHMDOXEIE 3 LLET, #F5HiF 6 KU EDITHENT WS Z gk
%, Proposition 8.2 (i), (ii) 2*5. BUTFDORXAHEL Y 372D, Suppose not. Then the degree of every
vertex is at least three and every face is surrounded by at least 6 edges. By Proposition 8.2
(i) and (ii), we have

3v < 2e, and 6f < 2e.

L 72535 T, Therefore

1
v < eandfége.

2
3
i p DIRALT 5 T & &R, (Show that the statement p holds.)

Soln. Theorem 8.1 DA A 7—DAAZEZH V2 L, TOAXKL D FE%E1 %, By applying the

Euler’s formula in Theorem 8.1 we obtain a contradiction.

2 1
2:U—e—|—f§§e—e—|—§e=O.
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7. TDZ 7 7122w THZ %, (Consider the graph below.)

(a)

NINWE YT T7TIEBRWI %, Theorem 7.3 ZHWTHIE K, S, A, w(A) 2MITH 55
BHARL, NIV V777 TiERVEHZMHEIT 2 2 L, (Show that the graph is not Hamiltonian

by applying Theorem 7.3. Describe S, A, and w(A).) (10 pts)
a b o@ Ob
d d
c e c@ O @
f g fO [ I

S={bd, f} £T2&L. SZRVTTESLY 77 AZEOMDE)IThD, ZDEFEEIT DR
X, 4 DT, 4=w(A) > |S] =3. Theorem 7.3 XD, NIV T 5737 TlE, EAR S %
EoTH wA) S |S| DAZL BT NUE R SRV E, TDT T 7ENINEV T T 7 TIERY,
Let S = {b,d, f}, and let A be a graph obtained by deleting vertices in .S and edges containing
a vertex in S. Then A becomes as depicted above. Since the number of connected components
of A is four, we have 4 = w(A) > |S| = 3. By Theorem 7.3, if I is Hamiltonian, w(A) < |S|
must hold for any choice of S. This graph is not a Hamilton graph. [ ]

“EHEEREI2OE @ @ @ TiiSL. Euler 77 712%%, (i) 21Uk, £
R, £, () HILWIT I 713, NIV Y7 T 70, If we connect two vertices of the
graph by a path of length two @ @ @ . the then it becomes a Euler graph. (i)
Which are the two vertices? (ii) Is the resulting graph Hamiltonian?

(i) a and g. (ii) The graph is a Hamilton graph.
The vertices a and g are the only vertices of odd degree, if a path of length 2 is added, every
vertex is of even degree and the graph is Eulerian. If the middle vertex of the path added is

labeled h, the sequence of vertices a, h, g,b, e, d, c, f, a is a Hamilton cycle.

8. ZRIDEADMF DI 27 M H Y, A 1 [HIZEZEZ 5 2 EiCL, TR Z5w» 2
Lz L7, (There are 27 classes of World of Mathematics and at least one problem is discussed and total

number of problems does not exceed 50.) (10pts)

(a)

TE—MEZ2RHEGH 2 2 L 2FHE L, (There is a class exactly one problem is discussed.)
Soln. &/ B Variation 2 Z %, ZNZNDRRD m = 27 O/ BT, 221
n =50 PDMEHIAS £F %, Apply Variation 2 of the Pigeonhole Principle by setting m = 27
and n = 50. Then

n=50<2-27T=k-m

oo, HAHREICIEK, TRIMTL2EZ RN L2325, L2UIKEL D RIK1BIZEZ S
DEPS, bxH)EMIEZLIREPH S Z LIiZ7% %, Since at least one problem is discussed

at each class, we can conclude that there is a class exactly one problem is discussed. [ ]
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(b) B & ) E 7T ME AW (MHE»SMHEOR) 2562 2 & 2FHHT X, (Explain that there
is a certain period of consecutive classes (eg. from day 3 to day 20) that the total number of problems
discussed is exactly 27.)

Soln. jIRfRH F CIcEZ 2REOBEE 1 =0,1,2,...,27 1 LT, by, by,...,bay T 5,
g XD
0=0bg<by <---,<byr <50

ThH2, TS 28D by, by,...,byy % 27 THoHEVEEZLL, HEDHIF, 005 26
D27 6, MOBFIIZ KX >T, BTHEDVEURTVEET S, —2% b IV L
Dk b ETB, HBEWVBRUEDLS, b =2Tp+7r,b; =2Tq+1r L% 58 pq b LN
TED, j>i 32 &, jHREITICEALINEDTH | BRE TICEZLMERL D S0
5, bj>b TH5, LTd>T

0<b;—bi=27qg+r)— (2Tp+7r)=27(q—p)

ERD IR, 27 DRFECT, boy <BOLLTFED S, by —b; =271 TH LI L bbb, i,
i+ 1KRRE»S jRRBHETE L) E2THEALIEZERL T2,
For j =0,1,2,...,27, let b; be the total number of problems discussed by the end of jth class.
By hypothesis,

0=0by <by <--+,<byy <50

Divide these 28 numbers by 27 and find their remainders. Then the remainders are in between
0 and 26. Therefore by the Pigeonhole principle, we can find b; and b; such that the remainders
are equal. Since the remainders are equal we can find integers p, ¢ and the remainder r such
that b; = 27p + r, b; = 27¢ + r. Suppose j > i. Then b; > b; and

0<bj—b;=(27q+7r)— (27p+r) =27(q — p),

which is a multiple of 27. Since this number is at most bez < 50, b; — b; = 27. This means,

exactly 27 problems were discussed from the i 4+ 1th class to the jth class.

(a) FOLI BTz 206, + DL AEMDBROELDIE, (A) ¥4 70 FEHOBKCIREEH
D6 NI & ZFHY X, Consider the 8 x 8 board with the square with * removed. Explain
the fact that it is impossible to cover up the board without overlapping using two types of

plates of type (A).

(A) (B)
1[2]3]1]2]3]1]2
[ ] [ ] 2[3]1]2]3]1]2]3
| | 3[1]2]3]1]2]3]1
12]3]1]2]3]1]2
2[3]1]2]3]1]2]3
| | 3[1]2]3]1]2]3]1
1 2]s]1]2]3]1]2
x o - 2[3]1|2[3]+[2]3

Soln. BWEFOoN/L T2, OO LI ICHFETZOT B L, (A) OWTIE, &3, 128
—OFOoBEbNE 2b 2, 3b—-2BEbNE), 1 1320MHhH, TRTEEEILDHIC
X, 63/3 = 21 ORI 2, ZHUck ) 11 21 B ELNEETH 55, 20 L »
. FETH B, LED>T, (A) OREFTIREE I ENTER,
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Put numbers as above. Suppose it is possible to cover up the board without overlapping. Then
each piece covers up exactly one square with 1. 21 pieces are required to cover up. However,

there are only 20 squares with 1. This is a contradiction. [ ]

*DETARBST, T2 1THEAMMDRNTH, (A), (B) D 4AFEOMEEZIX, EHS %
WEHITHEFEO NS Z L 2FPE L, Consider the 8 x 8 board with one square removed.
Explain that no matter which square is removed, the board can be completely covered up by
4 types of plates in (A) or (B) without overlapping.

Soln. JFHTEET 27 x 2" DT, —fEHFIRIT T B DIk, 5T, (A), (B) O 4MEE TR
DLV TELILZTR T, n=1DEEIF, 2x2 TORIFTEYWEDLS, (A), (B)
DAL TDOMNDTH 206, BEFHEDOND, 28 x 28 OBHIE, EIHRIFTLTHHE
MODLIENTEDL LTS, 2k x 2k TR DIDT TV B ET 5, BEIMEFICXYIS,
OEDVEDIE, 28 x2F DREZIDWTH D, ZDH L, D LD, AL DRITF TS,
Z DI, RNEDRED S, (A), (B) D 4 ¥4 7O THEREDL L3 TES, DI D
DZDODEDVDL LI, MINDPDOREEL ZEVBTESED, T4, BYD=2DM7it,
—fEAZ D3 TIC, BEFHEDO SN TV ARICH>TW S, EDRELD., Ihod (A) £
721k (B) O TEHEFED 515 DT, 281 x 281 TAD DT TR AT OV TH, AT
TEMTER, Mo T INEICE D, WTNOBALBEFHED 2L 2 LDTE, FICZOlED
n=30OHAL, LIV -EIRITTHTS, (A) £/ (B) D4 54 7ORTHEFHHD S Z
EWTho T,

We prove by induction that the board of size 2" x 2" can be covered by four types of pieces
above, no matter which square is removed. If n = 1, the board is nothing but one of the
squares in (A) or (B). Assume the statement holds if n = k. Suppose n = k + 1. Then divide
the board into four 2* x 2* boards. The removed square is located in one of the four smaller
boards. Then put one of the four pieces at the center of the board so that it does not cover
the one a square is removed. Then we need to cover up the remaining squares. However, each
board of size 2F x 2% can be regarded as a board of the size such that one square is removed.
Now by induction hypothesis, all of the four board can be covered by these pieces without
overlapping. Therefore by induction, the assertion is proved for all cases including the case

with n = 4 in question. [ ]



