1 Sets and Logic

00 (Set): DOOOOOOO (A set is a finite or infinite collection of objects.)

obooooooobooobooboobooboooooboobooooooboobooooboobooon
oooobooooooooboooon

0000 (Element) : 00 AOOD0O0OOOOOOUOOOOUOOOOD AODODUOOOOOOOeOODO A
goooboooobooboooooooo

acAODDO A>a (a is an element of A, or a belongs to A.)
a0 AUDOUOOOe0 AODODOOUOOOODOOOOOCO (0 ADUDODOOD)D0OOOODOODOO
agdA000 AZa (a is not an element of A, or a does not belong to A.)

A=1{2,3,5,7}00000AO0OOOOD ADOODOOOOOODUOOO0O0A={z|20 1000000}
={z|zisaprimeat most 10} 0000000 DO0O0UO0OOO0OOUOOOODOOOUDOOOODO

0000 (Subset): 00O AOBUOUOUOO AUDOOUOOOOOBOOOOODOOODAOD BOOOOO
oo0oooooooooooo
AcBOOO BD>A

00000 (Equality of Sets) : 00000 A, BOOOODUODACBUOO BCcAOQOOOOO AO
pO000000000 A=BO0O0OO

0000 (Intersection) : U0O0O0O0O A BOOUOUOUAO BOOODODOUDOUDOOUOOOOD AO B
O000DoO0o00 AnBOOOOOODOD

ANB={z|zcA00 zeB}={zx|zcAandex e B} ={x|x € A,z € B}.

000 (Union): 00000 A BOUOOODDAQOOOD BOOOOUOODODOOOOODOODOO A
0O BOOOODOOO AuBOOOODOUOODO

AUB={z|z€c AD00O0 ze€B}={z|z€Aorzc B}

000 (Empty Set): 00000000000 00O0O0O0OD $OOOO

000 (Difference) : 00000 A, BOUOODUOODADOOOD BOOOOOOOOOUOOODOO AD BO
O000O0000DA\BUOUOO A-BOOUOOOOOOO

A\B={z|z€AO0O x ¢ B}

000 (Complement) : D000 (UOOO QOO0O000O : (Universal Set)) 00000000
00000 A0DO0D0DDAODODDOOOODOOOO A°0D00 AO00ODDAODOOOOOO

00 (Proposition) : 000 (O True) 000000 (O False) 00 O0OOOO0OO0O0OOOOOOOOO
oboobooboobobOonoobobooboobooooboobooooono

000 (Truth Value) : 00000000000 TMOOOO0OOOOFOOOOOOOOOOOOO
oooon

00 (negation)J 00O (logical or)J 000 (logical and)J 00 (implication): —pOpVgOpAqO
pP=4q

pPVqg|pAg|pP=4¢g
T T T
T r F
T F T
F F T

p|™p
T| F
F| T

RSeS| S
RSl IS LS| IS

0000 (Universal Proposition) : D0000000000zO000000 p(z)00000 (For all z,
the proposition p(z) holds.)UOODO0DO0O0O Vap(z) D000

0000 (Existential Proposition) : 000 000000 p(z) 00000 (There exists « such
that p(z) holds.) D0 0000000 Jzp(z) OO
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2  One-to-one Correspondence

Definition 2.1 00 (Permutation) 00 SO000O0000O00O0OO00O0O0OO0OOR.00000000O
SO 0000000000000 O0O0OO0OOOOO ,P.- 0000 (A permutation is an ordered
selection of objects from a set S. The number of permutations of n things taken r at a time, without
repetition is written as ,P;.)

000 (Combination) 00 SOO0O0ODO0O0O0OOOO0OOOOOOOOOOO0DM.O0000000O
0SOr0000000000000000000000 ,C,=(") 0000A combination is an
unordered selection of objects from a set S. The number of combinations of n things taken r at a

time is written as ,Cy = (7))

Example 2.1 S ={a,b,c} 0000000000000 (allowing repetition) 2000000009, 00
goobobo 200000 e00DO0O0O0OD 2000000 600O0O0O0O0ODODLO0O 2000000 3
agoood

Proposition 2.1 n 00 00000000On!=n-(n—1)---2-10 n 000 (factoriel) 0000000
Ol=1000000000000000

(i) nPr=nn-1)---(n—r+4+1) = TSIk

(i) nC, P n! n(n—l)...(n_r+1):<n)'

r

rl (n—r)lrl r-(r—1)---1

Problems

1.49000000000000000000000000000O0O0O000O00 (repechage) D000
gboobooooooooooobooboobooobo1oooooooooooboboboobobo
ggbgooaoboan

2.4x500000000000000000

3. 12000000000000000050000000000000000D000O000O000O0O0O0OO
gboooooboooboooogooboo

4. 120000000000000000s00000000000000000O00DODO0OO

5. 0000 mUOb0000000O0DOO0DODOODOOODOOOODOOODODLOODODOOD
goo

6. 0<a<b<c<d<1200000000000 (a,b,e,d) 00000O0O0O0OODO
7.0<a1<ay<---<a, <n00000000000 (a1,ae,...,a,,) 00000000000
8. 00UIUU0DOUDUUDDOOOUDCOCODOUUDOOUOMATHEMATICSODODOOODOOOOODOODO

*
M A T H E M
A T H E M A
T H E M A T
H F M A T 1 I:D
E M A T I (C
M A T I C S
*

9. 00000000000 DOx000DO0DOO0OO0O0DODO 1x20000000000000O0
oono

Challenge Problem 400000000000000O00CCOODOOOCOOO0OOOOOOODOOO
uboooooobobo sbouizoboooooobobobdobobooboooooooobooobollenn
oooobooooobobooooooooooo
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3 Mathematical Induction

Theorem 3.1 (000000 (Mathematical Induction)) p(n) 0000 n=1,2,... 0000000
0000 ()UO(ii) 00000000000 (Let p(n) be a proposition on a positive integer n (n =1,2,...)
satisfying the following conditions (i) and (ii). )

(i) p(1) OO O (p(1) is true.)

(i) OO0D0O00 k0000 p(k) DOOOOOp(E+1) OO0 (For any positive integer k, p(k) is ture
implies p(k + 1) is true.)

000000000000 0000 p(n) DO0OOOO (Then p(n) is true for all positive integers n.)
000000000 0000o0o00DO00ON={1,2,..}0000000000000OOOOOO
(p(1) A (VE € N)[p(k) = p(k +1)]) = (Yn € N)[p(n)].

3.1 Problems
0000000000 000D0O0O0OUse mathematical induction to prove the following.
1. ¢1,qw,---,q, 000 (proposition) 000000000
(aA@A - Agn) = (0q)V (2@2) Ve V(gn), (@ V@V Van) = (2q1) Ang2) A A(2gn).

- nn+1)
2. 1+2 = k= ——.
+24+3+---+n ,;:1 5

2 n(n+1)2n+1)
k= 5 .

13— n(n+1) 2
-(=5—) -
n n n 4
5. (15+25+35+~-n5)+(17+27+37+~-+n7):Zk5+2k7=2(2k).
k=1 k=1 k=1

6. 11"t +1227-1 001330000000 (117 + 12271 s divisible by 133.)

— 1) (n — 1
7. ,,CT:”(” () 1()” f+ ).({1,2,37...,k7k+1}DDDDDrDDDDDDDDDDDDDk—H
'r"r‘f ...

0000000000000 00000000000000000nOgCr =4Cr +1Cr_1.)
8. 2"x2"—-10030000000

9. 000 2"x2r"00000O0OO0OO0DOOOOOOO0OO0O0 B, 0DOO0ODOOOOOOODOOOOO
B, 00B, 000000000DO000O0OD0O0OO

10. 000 2" x2"x2" 0000000000000 O00O00DO000 T, 000000000000
ooor7, 00y, 0000000000000 0000O0

M=

31242243+ +0?

ol
I
-

4. 3428433+ 4 nd

\E

e
Il
-

Challenge Problems

1.nanDDDDDDDDDDDDn(n+1)6(2n+1).

2.00 AD00ODO 00000000 exb 00000 AODOOOODOOOODOOOOOOD ADO
O«0000000000000DODO00000b0b00b0b0obO0obooooooogno AyvOo
O [AL] (a*b)*c=a*(bxc) 000 (000000000 abecc ADDDDOODOOODODO
arxagx---xa, 10000000000 000COOOO0 AODOOOOODOOOOCOMOOn=400
OO O(ar*xaz)*(agxay) = ((ar*asz)*as)*as = (ar*(ag*as))kas = ar1*((az*as)*as) = ar*(az*(as*ay))
0000000000000000000000 a=ag*as, b=as,c=a, 0000 [ALJOODO
00000000000 [AL = Associativity Law 000 O

(1+V5)" - (1 -V5)"
2n\/5 ’

3. (Fibonacci Series) Fy =1, Fb =1, F,1o=F,(1+ F, 000000F, =
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4

Pigeonhole Principle

ooboobd mOOOOOOODOO.O00DODOOODODOOR>mOOO0ODODOOOOO
O000020000000000000Ifn pigeons are put into m pigeonholes, and if n > m, then at
least one pigeonhole must contain at least two pigeons.

Variations 1. m 0000000000 nO0000O00O0D000O0O0O0O0ORn>k-mO000000O
000000000k +10000000000000If n pigeons are put into m pigeonholes, and if
n > k- m, then at least one pigeonhole must contain at least k£ + 1 pigeons.

22.mO0000000000n0000000000000D0n<k-mO00000000O00DOO0OOO
O000kr—-1000000000000O0Ifn pigeons are put into m pigeonholes, and if n < k - m, then
at least one pigeonhole must contain at most k£ — 1 pigeons.

4.1

1.

10.

Problems

km 0000000 O0OODOOOOSOO00O0O0DOODOODOOOD 2000000015kmO0O0O0O
O O (There are 50 houses in a square-shaped village (7km the side length). Then there is a pair of
houses with less than 1.5 km apart.)

000 40em OO0O0DO0OOD0OOO0ODODOODOI7O0000DO0O0000O0ODOODOOOOOOODOO0O
0 10em OO00O0O0 200000000000000 (17 bullets hit an equilateral-triangle-shaped
target (40 cm the side length). Then there is a pair of holes with at most 10 cm apart.)

n0000000000C00000O0O0CO000O0O0C0000000000O0O00000000
000000000000 00000000O00000OO(At any party, there is a pair such that the
numbers of acquaintances of the two are same.)

ooboooboooooooo 3000 4300000 oobooobooobooooobooboobogon
goboboobboboboobnbO0bOO0o0O0O0bO0o0bO0o0b0obobobo0bob0 nOoO
000000 60000 (Assume 1643 students are attending 35 classes now. Then at least one of
the classes has at most n students from a certain division. Find the smallest n.)

.210000000 6000000000 O0OOODOOO 30000O0O0O0O0OODOO

(k+1)(m+1) 0000000 KOOODDOOOOOOUOOOOODO m+100000000000

. A{ar,a9,...,a,} CNOOODODOODOOOOOD nO000D00O0OOODOOODO

rrO0000000obO0o0o0oboo0o 1000000000 1320000000000000000DO
obooobOoboooob21000000b00000o00n

.O0O0oONSIAOOOOO200 00000000 100000oooooooooooood4s000

o004 0000000000000 000O0 280 0000000000 00003000A0
Ulgbooboobooboobobb28b00obobbooboooboobooboobi

gboboooobbob3soboboboboobobgsbobobooobooboobobob
400000000000000O00000
0002 24+1 00000 n00000000(Mm=4—5n=5—-90K.n>60000)

oo 0oboOoboobOoboobooboooooooboebObOOYbOObObOObOObOOODnO
gboboooboobooobooobooobooobbooobooooboboooboooobooooboon
0000 7%00000000000000000000000O00(@OeO00UDOOOOODO
00 00000000000000000000000000000000 M Blue Backs 000)

Challenge Problems

1.
2.
3.

oo 2n00000000C0O0n+100000000O000O0O0O0OOOOODOOOOOO
obooooobooboobOobooooboooooboobooon

0000000000000 00000000000000000000«0000000Q > 1
00000000000 p,¢q(0<q¢<Q) 00|ge—p| <1/QO0O0000O000MOOOON
la— 2| < 50
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5 Introduction to Graphs

Definition 5.1 VOOO OV O 2000000000000 (edge)J0DOO0OO VOOV OOOUOOO
0000000 F(00000D0)0000000ooooor=(v,Eyoooovuoooooovoooo
00 (vertex) 00000{a,b} € EODODDOO0DG b0 O {a,b}0000000000000a,b0
000000 (adjacent) 000 a~b 0000000000000 D 2000000000000000O
0O00oviooOOooOooDoOoooooOoo0boO0o0DODD000oo0o0bo0odOisomorphicdO0OOOOO
00000000000zeV 0000:0000000000000 (@) ={y|yeV)A{z,y}eE)}
000000 T(z) 0000000000 000 (degree) 000 deg(z) 0000000 VOOOOO
O0000D00000000(A graph T = (V, E) is a pair of sets V and E. Elements of V' are called vertices,
those of E edges, V vertex set and E edge set. If {a,b} is an edge, the vertex a is said to be adjacent to
the vertex b and we write a ~ b. We often depict vertices by points and edges by lines between adjacent
vertices. When only the labels (the symbols to represent vertices) are different, two graphs are said to
be isomorphic. For x € V, we write I'(z) = {y | (y € V) A ({z,y} € E)}, and the number of vertices in
I'(x) is called the degree of x and denoted by deg(x). We always assume that V' is a finite set.)

Theorem 5.1 I'=(V,E) 00000000 0000000e000000000000V ={21,22,...,%y}
000000000000 (LetT' = (V,E) be a graph. Let v denote the number of vertices, e the number
of edges and V = {x1,22,...,2,}. Then the following hold.)

(1) 2pey deg() = deg(z1) + deg(xz) + - - + deg(zy) =2-e.
(ii) deg(x) DODOOUODOOOOOOOOOO (There are even number of vertices of odd degree.)

(i) T 000000000000 00O0O0 kODO0O0OO0k-v=2-e00000k0 v000000OO
000 O (If the degree of every vertex is equal to a fized number k, then k-v =2-e. In particular,
either k or v must be even in this case.)

5.1 Problems
1. 7x70000000000000C000O0O000O0O0O0OCO0O0OCOOOOOOOOOOOOOO0O
2. 7x70000000000000O00O0O0O0O0DOOOOODOOOOOOO0

3.8x8 0000000000 DO00O0O0O0OO0bOOoO0OoobOO0obOOooooobOOobOOoooOoDbOoon
gooobooooooboboooboooboo

(a) 8x8 000000000 UOODUOOUOODOOOOODODOODODODOOOOOOOOOOOO

(b) 8x8 00U OOODLDOOOOULUOOODUOOODUOOODUODOOUODDOOOLOOOOO
obooobobooboobooooonod

4. 4xn 000000000000 OO0ODOODOOOO
. iboboobooboobooboboooooboooobooboooooboooobOobooog

6. NSTAUOOOOUOOOOOOOOOOO 15100000000000000000000000(151
people of NSIA class shook hands. Show the following.)

() 0000000000000 0OOO000OO (Even number of people shook hands with odd
number of people.)

(b DOODOODDOOO0OO0DO0ODOO0OO0DDODOO0OOO (Odd number of people shook hands with even
number of people.)

(¢ D0OO0OO0OOO0UDOOD 130000000000000000DO0O0OO (It is impossible that
everyone shook hands with exactly 13 people.)

r ooooooooboooooooobooo0ooooooboobo0o400Db0000O0ODOOOOOOO
goooboooobooboboboboboobooboboooboboooobobobooboo
gogobdobgobobooboboobobobooboboobobooboboooooona
gbooooooooooon

Challenge Problems 8x8000000000000DOOCOO0ODOOO0OODODOOOOOODO
gbooooo
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6 Trees and Optimization

Definition 6.1 I'=(V,E) 00000000wvg ~ vy ~vg~ -+ ~vy O0vg # vg, 01 # V3, ..., 0—2 F Up
000000000 wvw 0O v, 00000 ¢00 (a path of length ¢ connecting vy and v,) 0000000
vo=v, 0000000 (closed path, or circust) 0000V 000 200 2,y 00000020 yOOO
0000000000 T OO0 (connected) 00O OO0

O00000D0000D0000000 (tree) D000 (A tree is a connected graph without circuits.)

Theorem 6.1 T'= (V,E) 00000 v00000 ¢e0000000000000000
() roooooo

(i) T 000 200 2,y 00000 20 yO00OO0O0OO0OOO0OOOOODOO
(i) T 0000000000000 0U0O0O0O0OODOOOOOOOO0
(iv) TO0O0000O0O00COOO0O0O00OUCOOO0OOOOOUOOOO0OOO0OO e=v—10

O000000000O0algorithm, 000: T'=(V,E)00000000O0O0OOOOOOOO
100000000000 e, 0000

Ilep,....,e; 0000000000 E\{ey,...,e;}0EDD {er,...,,} 000000000 ¢4, 00
0000000000000000000000000II 00

(1) {e1,...,e;1} 00000000000
(2) 0000000D000000000

IIr 0oog

Theorem 6.2 000000000 CO0O0DODOOO0ODODOOOOOOOOO optimal tree: OO0O0DOO
oooroocoboobooboocoboobooooobooon

Proof. FOOOODOOOOOODOOOOGUOOODOOOODOFODOOOOODGEDOOOOOODO
ooooooooon
rooooooOoO0OO@GUOOOOOO0OO0OO0O0O0O0OOODOOOOeODOODOGUOOeOOOOOOOO
Oo0oooofrFO00O0O0OO0O0O0OOOO0DOOOOOOOODOOODOVDOODOOODOOOFRFOOO
gooooopoooGoOOo0sOO000D0D00e 000000 0ODODAHFODODODOAFOOODODODODOODOOO
gooooooooooOoOooboooUopoooO00ooOGoOOoDO00oOoOooO0UooOFOODOO0ODODODOO
gooooooGoOoooooogoooooooooobO0oFOOOoOoDOOOUODOODOOORO
ooooooO0oo0oGoOoOO0o0ooo0ooooDoooooDoon [ ]

6.1 Problems
1.oeO000000000O00O00O00O0
2. 7000000000000

3.a,b,c,d,e, f 0000000000000 DOO0OO0OOODOOODDOODODOOODOOODOOOO 20
000000000000000000000000000000000000ooooooo0o0o
O0Oab=1,ac=2,ad=3,ae=5,af =4, bc=2,bd =4,be=4,bf =5, cd =3,ce =5, cf =
4,de=4,df =5, ef =20000000

Challenge Problem 00000000000 OOOOO
100000000000 s 0000

Il e1,...,, 0000000000 E(G)\{e1,...,e;} 00 ;.1 00000000000000000
0000000000000

(1) {e1,...,e,,1} 0000000000000
(2) 0000000000000000

I oooocgodbo0ooooboobooobooboobooono
goboboooboobooboobobboboobooboobon
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7 Euler Graphs and Hamilton Graphs

71 00000 0O0OOO0ODOO0

Definition 7.1 000 I'00000000000000D00O000O'000000000O0OO0O0O0
00000000000 O00000 (Eulerian circuit of a graph T' is a closed path which uses each edge
exactly once. A graph containing an Eulerian circuit is called an Fulerian graph or Euler graph.)

Theorem 7.1 (0D 0O0OO00OO00O0) '00000O00O0OO0OOI00O0O0O0OOOODOOOOODOO
0000000000000 0o0o0o0o00000nnn (LetT be a connected graph. Then I' is an
Eulerian graph if and only if the degree of each vertex is even.)

Corollary 7.2 (00OJ0O0O0O0) OO0O0OO0O0OO0O0OO0ODOOUOOOOOOUOOOOOOOOOBOOO
ooboobooooboooooa

Proof. 000000000 O0O0OOCOOUOOOO2000000000000000 Theorem 5.1 (ii)
gboboooboooboboooboooobooobooboobooobooboobooOoobooooobooooooDooon
gbbooooboooboobooooooooooobooooooooooooboobooboboooog
goooooooooooboooooooooooooobooobbooboobbOooDbobObOooDOoOoDo
gbobooooobooboooboboooobooo [ ]

Proof of Thorem 7.1. 0O0000000D0CO0O00O0DO0vOO0O0O0O0O0OO0DOOOODOOOODO
uboooooooboboooouobo o0ob0oboboboboobooboobobobooooobooboboon
bobooboooboooboobooooboobooooooooboooboobooobooboOobooobOooon
goboooobboobooboooooooobooooooboooooooobboooboooooboobooooDboOoD
obooobobooooboobooboobobooooobobooboobobooboono [ ]

7.2 0O00O00O0O0OO0OO HamiltonO OO

0000000oooomoooooDoOoOoO0DO00000ogoooooooo0oooooooooDooo
0000o000oooo0oo0o0oooooo0o0oDo00ooo0ooooooooDooooooooDoo™™
0000ooooogoooooooooo0ooDoooOo0o00gooooDUoooo0gooo0onO0OOd
O000“000000700000000000000000O0000O00A0 (Travelling salesman problem:
Given a number of cities and the costs of travelling from any city to any other city, what is the cheapest
round-trip route that visits each city exactly once and then returns to the starting city?)

Definition 7.2 00000000000 100000000000002%200000000000000
0000000000000 00000O(A Hamiltonian cycle is a cycle in an undirected graph which visits
each vertex exactly once and also returns to the starting vertex. A graph that contains a Hamiltonian
cycle is called a Hamiltonian graph.)

000 lNdd0l0flw(@ 0000000000000 0o0oooo00ooooooooooooon
ooooooo

1. 00000 ooboobooboobobobooboobo

2. 000000000000000DO0O00DOODODOOOO

Theorem 7.3 T'=(V,E) 0 U0O000O0O0OO0OOOOSCcV O TTOoO0OooOooooooooAOT
00 SOO0UO0UoOooUnO SO0000 SO0000000O00U0D0oUOU0ODUDU w(A)<L|S|O
ooo

Proof. COO0OO0D000 0D0O0D0OOOCO sO00000000000000000sO000000
0000000000000 wA)<|8/ 0000 ]

Conjecture I'=(V,E) 0030000000000000000000SCcV 0000080000
000000 ADDOOw(A)=10000S|>20(A)000000000000000000

Leonhard Euler, 1707 0 40 150 - 17830 90 180
2William Rowan Hamilton, 18050 8 0 40 - 18650 90 20
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8 Uuuuobunpgoooon

Definition 8.1 0000000000000 00OO00OOO00OU0OOOOOOUOOOOOOO (plane graph)
00000000000 000000000000000 (planar graph) 000000 O0OO0OOOOO
oo0odooooooooOooooU0oDoO0o0ooOo0oodoo0ooooDoooooooDooooDd
OO (A plane graph is a graph drawn on a plane that no edges intersect. A graph is said to be a planar
graph if it is isomorphic to a plane graph. A region surrounded by edges is called a face, and the outer
most part is also considered as a face.)

00000 o000 20000000000000000 nO000OOO0OOQO (complete graph) 00O
0 K,00Ooooooooooo 2-n00p000 V,Vo 0000000000 OOOOOOODOOOO
00o000ooooowv,0Ooo %2 0OOoOouuoooooouoooooouooooog (complete bipartite
graph) K, , 00000000000 VDO VO VOOODOOOOV, 0000000 V,0O0O0O0OO
0000000000000 (bipartite graph) DOO0000000O0O0O0OD0 2000000000000
gobobooboobooboobobboboobooboobooboboboobo

Theorem 8.1 (0000000) N0000000000000000000000000
00000 (v)— 0000 (e)+00000 (f) =2

Proof. OO0 fO00000OOOCOOCODOODO 10000COODOOOOTrOOOOOOOODOOOO
e=v—1, f=100000000C0C0C000O00O0O0O0O0 fOODOODOOOOOOODOOrCOOOO
f+1>200000000000000000 00000 e000O00O0OO0OO0ODODOOOODOO
oooopoooOooooboooooooOoooDD f,000D0 e—-1000000o000O0DDOOO
0000000000000v—(e—1)4+f=200000000000v—e+(f+1)=2000000
oooooo f+1000000O0O0DOOODOOOOOOOOOOCOCOCOOOOOOOOOOODOOO
gobooboooobooboooooboooo |

Proposition 8.2 I'=(V,E) O000O00 v, V={z1,29,...,2,}, 0000 e00000 fO0O000OO
000000 f000 F,F,...,F; 000000ny,n,...,n;, D0000000000000

(i) deg(zy1) + deg(xe) + -+ - + deg(x,) =2-e.  (Theorem 5.1 (i))
00000000 00OD k0000000000 0k-v=2-e000000
(i) ni+ne+---+np=2-e.
Oo0o0oDoOoO00 n00OO0OOOO0DOODOO0ODOOR-f=2-e0000D0O
(i) 000000000000 S000000000

8.1 Problems
1. Ks OOOOOOOOoOooooo
2. Kz OOOoOoooooooooo

3.00000000000050000000000 500000000 3000000000
OooOooO w0000 00O fOQODDOO

4. 00000000000000000 300000 50000600000000 Fullerene* OO
OD0Fullerene 0 500000000 120000

5. Fullerene 00 5000000000000DDOOCOO0O0OOOOOD e00000O00O000O0ODDOO
O0000000000 Fullerene D0DDO0O0600000000000O0

000 rooooooo0o00ooooo0o0o0oo0 Agorgoooooorogoooooo
oo0O0000oooO0O000b0 AQOOOoOoOooOooooADOOOOOOOrooOooooOOOCOOd
O0000000K;0000K;3 000000000Kuratowski® 000000000000000O0

3000000000000 500060000000.

4Richard Buckminster Fuller (July 12, 1895 ? July 1, 1983) 0000000000
5Kazimierz Kuratowski (Warsaw, February 2, 1896 — June 18, 1980)
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Theorem 8.3 (Kuratowski (1930)) 000 I' 000000000007 0O K OOOOK33 OO0
oooobOoboooboooaoo

Kenneth Appel O Wolfgang Haken 0 19700 000000000000 4000000000000
00000000000000000MUO000000000000000 (Four Color Theorem) OO
0oooooooo0o000o400000000000000000C000000DOOOOO0ODOOOOO
0000050000000000000000¢

Theorem 8.4 0000000 D0O0OO 5 00000C000DOOO0ODOOOOODOOOODOOOOO

Proof 000000D0O0ID 600000000000000000000000000000000
0000000000T 0000000 Proposition 82 (i) 000 T 00000 50000000000
000 x0000200000000000000000000000005000000000000
00000000000 40000000000000000000000000000000000
0000000000000000000000 x00000000000 5000000000000
0000000000000000 21,22,25,24,2s 000000000000 1,2,3,4,500001,30
00000000000000000%, 0 23 000000000000000002;00000000
0010 3000000000000000000000000000000020000000000
000 4000000002, 24 0000000000000, 00 2300 1,3000000002,
00 2,00 2 40000000000000000000000000000000000000O0
0ooooooo N

82 [UDLOUOOOODO

000000000 k000000000000 (regular graph) 000 k-O000000O00OO0OCOOOO
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Plane Graphs
8.3 Fullerene

8.4 Platonic Solids

Tetrahedron Cube Octahedron

&

Dodecahedron Icosahedron

Figure 1: Platonic Solids
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