Solutions to Quiz 4

1. —373100 A — P VOIE=MAEE L B, 26 MOBOHERH 2, 2 2HOEDHRDIE
HEIZ 20 A —FAVDANTH 5 2 & 2057 BIFEHZ AW THIH L T 2 & v, There are 26 nests
of birds in a region which is in the shape of an equilateral triangle with sides 100 meters
in length. Explain that there are two nests that are only 20 meters apart or less using the
pigeonhole principle.

Soln. ZO=MEDO 1ML, D320 X — FILDIE=MIE 25 I 2 2 £ TE %, Hik
26 HBDT, BORFHIZL D, ED—O2pDIE=MAFICIE, BERALEDT2MHU LN H
%, ZOIEZMABIE—UP20 A=V EDT, —~HESTH, 20—V THS, Thbdb
%2 2 DEDOROEHEIZ 20 X —FLUNTH 3, n

It is possible to subdivide this region into 25 regions which is in the shape of an equilateral
triangle with sides 20 meters in length. Since there are 26 nests, by the pigeonhole principle,
one of the regions has more than one nest. Since each of these regions is in the shape of an
equilateral triangle with sides 20 meters in length, there are two nests that are only 20 meters
apart or less. [ |

2. TEEAOMA, OFZEIF 2T R H D, R ERE 1 MIEFEZEZ 5, 72720, 2T, 40 [
3B 720> (at most 40 problems) bDET %, ZDEEL kI L 13MEBEZ MM (& 21
3 H A5 10 KA H OGRS 13[4 L) 239 % 2 & ZHiPE X, There are 27 “World
of Mathematics” class sessions, at least one problem is discussed per session, and the total
number of problems does not exceed 40. Explain that there is a period (a period of classes,
e.g. from the 3rd class to the 10th class) during which exactly 13 problems are discussed.

Soln. a; % —[HHTEZMEDE. ay THIHDOEETE ZMEOELE LTS, i MH
DIRFHETE Z -MEOEIZ a; ERING, £ b1 = a1, bo = a1 +as. b3 =a1+as+ ag 2N
LTS, ZnuE, 1HHETICEZZMEDOE, 20 HFTICEZMEDE, 3HZ TIC
BZIMEOBRE LD, $5E, B 1EMEZEZSZDT, a;>1 (1 =1,2,...,27),
T, Al T 40 MEBE 20T,
1Sy <by<---<byp <40, b1 +13<by+13<--- <byy +13 <53

EoTWVB TR, EZDE, bi,by, ... by, by +13,by +13,... ,boy + 13 IFTRT 53 BT
T, 2, BRI T OB TH A DT, IOBEFHIZLD, 2DH)BbDENDIZDIFEFEL W,
b1,bo,...,bo7 1FTXRTELRD, b1 +13,bo +13,...,bo7 +13 HLIRTELRLZDT, FLA %5
ETBE BHIDINL—=TDIbDENDE, BDITN—TDH)bDENNTHL, INEiK
WMIOITN—7D i FHE, BOITNV—TD jFHET DL bj=b;+13 TH D, i,

13=0bi—bj=(a1+ax+---+a;)— (a1 +azx+ - +aj) =aiy1 + air2+ - + a;.
L7eoT, i+ 1 BIHDOZHED?S j BIHOEZETTE, 1305 2 H1 0o 7%, [

Let a1 be the number of problems discussed in the first class, ao in the second, etc. So a; is
the number of problems discussed during the ith class. Let b; = a1 + a2 + --- + a;. Then b;
is the total number of problems discussed from the first to the ith class. Then

1Sby <by < - <byr =40, b1 +13<ba+13<--- <byy + 13 < 53.

There are 54 numbers in the range 1 to 53. Hence by the pigeonhole principle, two numbers
must coincide. Since the numbers in the first group are distinct, and so are the second group,
the only possibility is that one in the first group and the one in the second coincides. Suppose
b; = bj + 13. Now,

1B3=b;—bj=(a1+az+---+a;)— (a1 +az+---+aj) = ajr1+ a2 +---+aj,

and there is a period (a period of classes, e.g. from the 3rd class to the 10th class) during
which exactly 13 problems are discussed. [ |



