Solutions to Quiz 8

1. 2877783 EALT 77 ThHorhEGL, £/, 77 7 DHBOR I IZHEIEETH 5
ZEZFHLTF 3w, What is a bipartite graph? Explain that the length of a closed path
(circuit) in a bipartite graph is always even.

Soln. =777 L, HEZ OO 7)V—7 A L B}, A&, B &L v
BWEIHICTELT 77D LTHS, AP H-ET2E, A DIHEAFE, B OEMFE
FEEE L Tovd o BEE L ZZTERDERE L TLAEKICE W TIE, A DIHKORIZ, B OE
M. BOHEOXIZ A DIEAICKR S, Ledd>7T, BHKRTIE, A DIEMZERET 2 L, B
FHIC A DM E R 5 DT, REBEISEND A DIHRICR B0, RIMMEKICE S,

A bipartite graph is a graph whose vertex set can be partitioned into two parts, say A and
B, so that no vertices among A are adjacent and no vertices among B are adjacent. If there
is a closed path, starting from a vertex in A, the next vertex is in B as it is adjacent to the
first vertex, the next vertex is in A, and the next in B. So the 0th, 2nd, 4th, 6th, ...vertices
are in A. Hence the length of a closed path is even.

2. VH 77 712id, XBI3 U TOHEB» R THL I L2 LI, EHEZAHT
LEEIR, ZOERFLEF NV EFETY MBI SZEMOFSZHLTE T EZ W, In the
following we want to show that every bipartite planar graph has a vertex of degree at most
three. When you apply a result, please quote the statement or its number in the handout.

(a) HDOERE % e, HREBZ v E L, TRTCOHEDORES AL ELRSIE, e220 EB T E
ZEHH L TP &\, Let e be the number of edges and v the number of vertices. Explain
that if the degree of every vertex is at least four, then e = 2v.

Soln. [HEZ z1,29,...,2, £ T2 LIREDP SXEUTTRT 4 M ELRDTEFOEH (The-
orem 5.1) XD, ROXDVF SN 5, Let x1,29,...,7, be vertices. Then by assumption,
deg(x1) = 4, deg(x2) = 4, ...,deg(x,) = 4. By Proposition 8.2 (i) or Theorem 5.1,
v terms
—_—~—
2e = deg(x1) + deg(x2) + -+ - +deg(zy) 24 +4+--- +4 = 4o.
Therefore e > 2v. EDOHXE D, e =20 2155,

(b) ZE87 7 7%Vl 77 71Vl L ZDORMDOE%Z f £LT5L, ez22f ThHHILZHY
L CTF& W, Let f be the number of faces when a bipartite graph is drawn as a plane
graph. Explain that e = 2f.

Soln. I, F>,.. .,Ff %E\ %@E%Uiﬂ@ﬁﬁf%%?ﬂ%“h ny,N2, ..., Ny i ISR AN B
BOREIIZ 3L LT, 2o, M1 XD, RIMMEEEDLS, $RTAMEER S, Licdso
TRDOAXZHS, Let Fy, Fy, ... , 'y be faces. Let n; be the number of edges surrounding
Fi (i=1,2,...,f). Thenby 1, n1 24, ny 24, ...,ny 2 4. By Proposition 8.2 (ii),

f terms
—_——
2e=ni+ng+-+np=dt+4+---+4=A4f.

Therefore e > 2f. 2Lk D, e>2f 2155,

(c) RPIDFIRMMNLT 2 Z L ZFHHL TH X, Explain that the first assertion holds.
Soln. HHIETRT, TRTCOEMDOREDALLERLETEE, (a) £V, e= 20, £72 (b)
Ebhez2f L%b, A4 7 —DARIH (Theorem 8,1) ZH\>% & By way of contradiction,
assume that the degree of every vertex is at least four. Then by (a), e = 2v, and by (b),
e 2 2f. Hence by Euler’s formula,

1 1
2:v—e—|—f§§e—e+§e:0.
ZNUE, FIETHLDT, HAHTHEHMDORENL 3 AT TH S, This is a contradiction, and
the assertion holds.



