GENO024 Final Exam 2014/5

BERMEIC ID LEFMZEEE. INTORZEIBERMOEDSNIBARICEL T&, Write
your name and student ID number, and all your answers in the places provided on
the separate answer sheets. (5ptsx 20)

Part 1.

1. EMD, (p= (—q)) =71 & (pAq)Vr DEMEZTEX L, 06 O SmEFfED &9
HEHR X, Complete the truth tables of (p = (=¢q)) = 7 and (p A q) V r, and determine
whether they are logically equivalent.

2. N —XAGEAOVT, MDD I &, IELWHDITZ, O %, > TWw5HDIC
X, X ZERICEEAY X, Write O for true and X for false in the answer sheets.

r+y+z =1 1 1 1 1 0 -1 1
2vr—y—4z = 2 A=|2 -1 -4 |,B=]101 2 0
3r+2y+z2 = 3 3 2 1 00 0 O

(a) A EOEN—RITHERDILAREATIITH %, The matrix A is the augmented matrix
of the system of linear equations above.

B I 2455 CT&H b, The matrix B is in reduced row echelon form.
A DBEEIL 3 TH D, The rank of A is 3.
A FTHTH %, The matrix A is invertible.

DN —RITERDIE (2, y, 2) | FIEFRIHAF{ET 5, There are infinitely many solutions
to the system of linear equations above.

(b
(c
(d
(e

~— ~— ~— ~—

Part II. XoatH2 L, @b bS5 o BEMOED S GinicEHC 2 L, mdEzvs e &
3FF E 7 IENEZHMEIZIAR % Z £, Write the answers of the following in the places provided
in answer sheets. Show work! If you apply a proposition, state the number or the statement
clearly.

3. p(z) 1ZZHHAT, p(=3) =p(1) =p() =122, p(—1) =p(3) = -1 2T D LT 3,
KB4 DbDE, REDI10 Db D% —DFT OIS, Let p(r) be a polynomial satisfying
p(=3) =p(1) = p(5) =1 and p(—1) = p(3) = —1. Write two such polynomials p(x), one
with degree 4 and the other with degree 10.

4. HIEDSGM 27 TXE 4 DEENZ p(x) £ T 5, THE, ple) =0 BB DY (-3,-1),
(—=1,1), (1,3), (3,5) DX HIcznZN TE—~ETOH 5 Z L 2FHE L, 2 TH
X (a,b) 13 {z]|a<z<b} ZEWT S, Let p(x) be a polynomial of degree 4 satisfying
the conditions in the previous problem. Show that each interval (—3,—-1), (—1,1), (1,3),
(3,5) contains exactly one point ¢ such that p(c) = 0. Here (a,b) = {z | a < z < b}.



. fl@) = a2t — 823 + 2022 — 122 = q(2)(z — 3) + 7 = ca(x — 3)* + c3(z — 3)® + ca(z — 3)2 +
ci(r—3)+co THDEE, ZHK q(), BB r BED cq,c3,09,c1,c0 ZK®D X, Find a
polynomial g(x), constants r and ¢4, ¢3, c2, ¢1, Co.

D f(@)=(22-3)e® LT B, TOLE, f(x)ld, x=-3 THML Wi, HPLT0S
2o, f(—3) 1ZMIMED, BRMEHE L, ZOBELBRE, TRTD 21220 Te® >0 T
H5, Let f(z) = (2?

or f(—3) is a local maximum or a local minimum. Why? Note that ¢* > 0 for all .

—3)e”. Determine whether f(z) is increasing, decreasing at © = —3

) 223 — 1122 + 122+ 9
lim

sk R F h 1 . )
x_>3x4_8w3+20$2_12x_9 %j_{(ybck ind the limit

2_3)e? +3

lim (="~

L ZRD X, 7271, 2 =1 ThH3, Find the limit. Note that e = 1.
xr— X
(Hint: Let f(x) = (22 — 3)e”. Write the definition of f/(0).)

1 N e .
——— DEEHE KD X, Find the derivative.
(ZEQ + 1)3
(22 +1)%e® OERE %KD X, Find the derivative.

/

/ ﬁdw %z K& X, Find the indefinite integral.
2
/.

F(x) = /
—1

Part III. ROMEDME 2 REMDED & i Giric

10.

1 .
5 3+ 3\/5> dr %3K® X, Find the indefinite integral.
x

11.

12.

13. (z +2)%x %KD X, Find the definite integral.

14. (t2 + 1)%e~tdt DEBIHZ KD X, Find the derivative of F(z).

answer sheets.

-2 -3 -5 -2 -9

¢ 2 &, Write your answers on the

4 -1

o 1 3 0 -1
2 4 8 3 13
1 2 4 1 4 -1

-1 0
5 2
-1 0

B = ——— (C =

, A

= N O
NI
= w O

2 41
130
001
130

o O O =

15. /e EDAT8 BIATICBEY 2 FEALIR 2 =il L T C 2137, Z DIERLB 2. [i, ;|
(ATIC jITD 2 A 2) | [i,7] GATE jITRZAVUER ) | (i (i1T% cf59 %) Dt
T % M\ TEIF, The matrix C is obtained from the matrix B by performing elementary
row operations three times. Write them in order using notation [7, j; ] (add ¢ times row j

to row i), [i,7] (interchange row ¢ and row 7), [i;¢| (multiply every entry in row i by c).

16. B, C &z Lofii e § 2%, 3MDIEALHSTES 4 x4 T TTB=C £%5HD
Z—23K® X, Find a 4 x 4 matrix T obtained by three row operations above satisfying

TB=C.



17.

18.

19.

20.

Fofrl A Ooif15]% R X, Find the inverse of the matrix A above.

e EDITH] B 13 & %M. —RIGBRADIERBEATINTH 52§ %, B 2BEKIH Y AT
B L. & x1, 29,23, 74, x5 23K X, Suppose the matrix B above is an augmented matrix
of a system of linear equations with unknowns 1, xs, x3, x4, 5. Find the reduced row
echelon form of B and the solutions of the system.

y = f(z) 13, ROWIHTERXE L, WISz TEE, y= f(r) ZRdD X, Solve

the following differential equation with initial condotion for y = f(x).

dy
= 29— 3,2 0) = f(0) = —3.
y'= =3y, y(0)=f(0)

Hamming fF5 13, 24 K7 DIEHR (0,1 WUDMAZD D a 12, RDITH G 2450501,
040=0 041=11+0=1,14+1=0

DEFIHEBHITR D7 c = aG ZFFE LD TH S, /AXTHEHIT 01 F/-03. 1
WO H->TYH, 79 H #2AHTEZLI2ED, A XDADZHID ¢ #EILT S LT
X5, ZOFFICBHL TROBWIZEZ X, 7L, G, HZUTDIHET 3,

o O = O
o~ o o
_ o O O
_ = = O
= o= O

S O O =
[ = o e e B e B )

1
0
1
0
1
0
1

= O O = = O

Let a be a binary data with 4 digits. An encoder sends ¢ = a@, and a receiver receives
a code with possible errors. If there is at most one error in a code word, the receiver can
recover the original data by this system called the Hamming code. Answer the following

questions.

(a) a=11,0,1,1] £ L7 & &, aG 3fiH>, Find aG when a = [1,0, 1, 1].

(b) /A ADRAK—EITA- 72D DD ¢ =[1,0,0,1,1,1,1] £ T2 L, b EDRE ¢ 1IfifT
H ol BHICEHEZFE, Suppose ¢ = [1,0,0,1,1,1,1] is received after at most
one position is changed by an error. What is the original code ¢ in this case?



GENO024 FINAL 2014/5 Answer Sheets

ID#: Name:
Part I-1.
pla|r | = (= 4q@) = r| AN qg VvV r
T | T | T
T | T | F
T | F | T
T | F | F
F | T | T
F | T | F
F | F | T
F | F | F
PR EED> £ ) D> DHIE (Are these logically equivalent?) :
2.
@ [0 @ @ @ | No. | PTS.|
1.
2.
3.
XyE—Y Message: BFEDPLIIELOFELZD, HLALZADV S A
e UTDZ EIZOWTEWTFE W, Did you enjoy mathematics, or did 5.
you suffer a lot? I appreciate your feedbacks on the following. 6.
(A) TOFHEIZOWT, WERZEMTS £ Z, About this class, espe- 7.
cially on improvements. S
(B) ICU OHB\F —MIc D>V, WERARLE, ICUICEHTAZEMTHEY 10.
Z. About the education at ICU, especially on improvements. Any 11.
comments concerning ICU are welcome. 192.
13.
14.
15.
16.
17.
18.
19.
20.
’ Total ‘ ‘




Part II.

3. RHE 4 (degree 4):

KE 10 (degree 10):

4. Let p(z) be a polynomial of degree 4 satisfying the conditions in the previous problem.
Show that each interval (—3,—1), (—1,1), (1,3), (3,5) contains exactly one point ¢ such
that p(c) = 0.

5. Let f(z) = * — 823 + 2022 — 122 = q(x)(z — 3) + 7 = ca(z — 3)* + c3(x — 3)3 + co(w —
3)2 + c1(z — 3) + ¢o. Find a polynomial g(x), constants r and ¢4, c3, c2, ¢1, Co-

6. Let f(x) = (2 — 3)e®. Determine whether f(z) is increasing, decreasing at z = —3 or

f(=3) is a local maximum or a local minimum. Why? Note that e* > 0 for all .



. 223 — 1122 + 122+ 9
7. lim .
z—3 x4 — 83 + 2022 — 122 — 9

2 T
8. Jim (& —3)e"+3
x—0 xr

9. The derivative Of m

10. The derivative of (22 4+ 1)3e~%.

11. /(21:1: —3+3\/5> dzx.



X
12. —dzx.
/ @+

2
13. / (z +2)%d.

-2

14. Find the derivative of F(z) = / (t* +1)3e tat.
-1

Part III.

15. The matrix C is obtained from the matrix B by performing elementary row operations

three times. Write these operations in order using notation [i, j; c], [, 7], and [i; c].

16. Find a 4 x 4 matrix T obtained by three row operations above satisfying TB = C.

17. Find the inverse of the matrix A above.



18. Suppose the matrix B above is an augmented matrix of a system of linear equations with
unknowns x1, o, X3, x4, 5. Find the reduced row echelon form of B and the solutions of
the system.

19. Solve the following differential equation with initial condotion for y = f(z).

y = =32%, y(0)=f(0) = -3.

20. (a) Find aG when a = [1,0,1,1].

(b) Suppose ¢ = [1,0,0,1,1,1,1] received after at most one position is changed by an
error. What is the original code ¢ in this case?



Solutions to GEN024 FINAL 2014/5

Part 1.
1.
pla|r|l = () = rjl A g VvV
T | T | T T F F T T |T T T T T
T|T|F | T F F T F|T T T T F
T\|F | T T T T T T |T F F T T
T|F | F | T T T ¥F F|T F F F F
F|lT |\ T | F T F T T |F F T T T
F | T | F | F T F F F|F F T F F
F | F | T| F T T T T |F F F T T
F | F | F | F T T ¥F F|F F F F F
s RED> £ 9 2 DHE (Are these logically equivalent?) : fRiERE (YES)
2.
(a) (b) () (d) (e)
X O X X O
Part II.
3. RE 4 (degree 4):
(x+1)(x —1)(x —3)(x —5) (x+3)(x —1)(x — 3)(x —5)

p(x) =

(—3+1)(-3— 1)(—;— 3)(—3-5) (—1+3)(—1—1)(—1—3)(—1—5)

(x+3)(z+1)(x—3 B

z-5) (+3)z+1)(z—-1)(x-5) (z+3)(z+1)(z—1)(z—3)
1+3)1+1)1-3)(1-5 GB+3)B+DB-1)3B-5) G+3)G+FDG-1)(5-3)"
RE10 (degree 10): p(z) 2 LDDBDET 5, FTOLHEKIIRED 10 THRAZ w727,
Propostion 4.2 i,

p(z) +2°(x +3)(x + 1) (z — 1)(z — 3)(z — 5).

4. Let p(z) be a polynomial of degree 4 satisfying the conditions in the previous problem.
Show that each interval (—3,—1), (—1,1), (1,3), (3,5) contains exactly one point ¢ such
that p(c) = 0.

Soln. p(x) ZHAZH &M, BHXM [-3, -1], [-1,1], [1,3], [3,5] DM —3,-1,1,3,5
T +1, -1, +1, -1, +1 DEZIZ 25, hREHEDER Proposition 5.3 X H ZNFNDIX
MIAIC fc) =0 B2 R TL 213D 5, p(r) DXEIE 4 722>5 ., Theorem 4.1 (3)
EDAfthiciE flc) =0 LR D RIER,



10.

11.

. The derivative of

. Let f(z) = 2% — 823 4+ 2022 — 122 = q(z)(x — 3) +r = ca(z — 3)* + c3(z — 3)% + o —

3)2 4+ c1(z — 3) + ¢o. Find a polynomial g(x), constants r and ¢4, c3, c2, ¢1, co.

Soln. z* — 823 + 2022 — 120 = (2% — 522 + 50 +3)(x —3) + 9, 2% — 522 + 52 + 3 =
(@ —20—-D(x—-3),22-22-1=(@+1)(@-3)+2,2+1=(x—3)+4 Z25,
qlx) =23 522 +52+3,r=c=9,c1=0,c0=2,c3=4,c, =1 TH %, AT
ZHWS E X,

. Let f(z) = (2? — 3)e®. Determine whether f(x) is increasing, decreasing at r = —3 or

f(—3) is a local maximum or a local minimum. Why? Note that e* > 0 for all z.

Soln. f'(z) = 2xe® + (22 — 3)e” = (2?2 4+ 22 — 3)e® = (z — 1)(x + 3)e” 5 f/(-3) =0.
(@) = 2z +2+ 2%+ 22 — 3)e® = (22 + 4o — 1)e®. f/(=3) = (=4)e 3 < 0. fE>T,
Proposition 6.5 (Second Derivative Test) (2 & > T f(=3) (ZHK (local maximum),

. 223 — 1122 + 122 + 9

lim .

z—3 x4 — 83 + 2022 — 122 — 9

Soln. 5 ZfH\Ww% &, 2% — 823 + 2022 — 122 — 9 = (22 — 22 — 1)(x — 3)2. A TERIEE
vz & 223 — 1122 + 122 +9 = 22+ 1)(xz — 3)2 2256,

. (2z + 1)(z — 3)2 TR S
_x~>3(.’15'2f2$*1)($*3) x—>3$2f2$*1 2.
2 T

lim (z°—3)e —1—3.

z—0 X

Soln. f(z) = (22 —3)e® LB & f(0)= -3 K6, EELD
pon e f@) = f(0) (2% —3)e” +3
FA0) =l == = i

£oT, f(0) ZRODIUTR, 6. &0 fl(z) = (z—1)(z+3)e® ZoTh b6 f/(0) = -3.
P> T LEDOMRIRIZ -3 TH 5,

(1.2 + 1)3 :
Soln.

((96241-1)3> = ((@*+1)7?) ==3(a*+1)""(22) = —6x(a® + 1) =

__ bz
(372 + 1)4 :

The derivative of (22 + 1)3e™".
Soln. (e™*) = —e ™ K5,

(#® +1)3e™™) =3(2? + 1)2(2x)e ™" + (22 + 1)3(—e™) = (22 — 62 + 1) (2% + 1)%e".
1
/ < —3+3\/5> dx.
2z
Soln. /z = 2z O =0 D5

1 2 1
:510gm—3x+3§x%+02§logx—3x+2x\/:E+C.



x 1 —6x 1 1 1
12./( 4dx:—/(4dx:—+0:—3+0,by9-

2+ 1) 6/) (22+1) 6 (z2+1)3 6(x2 +1)
2 1 2 219

13. 2dr = | — N = gl ==

3 /2(:1:+ ) dx [10(a:+ ) ]2 10 3

14. Find the derivative of F'(z) = / (t? +1)3etat.
-1

Soln. F(x) &, D FORAREH LD (22 + 1)3e ™ DFEMKBABKD 2 o706,
F'(z) = (22 +1)3e7.

Part III.

15. The matrix C' is obtained from the matrix B by performing elementary row operations

three times. Write these operations in order using notation [i, j; ], [7, j], and [7; ¢].

Soln.
1 2 4 1 4 -1 1 2 4 1 4 -1
[1,4] 0O 1 3 0-1 0] [31;-2 0O 1 3 0—-1 0] 412
2 4 8 3 13 0 0O 0 0 1 5 2
-2 -3 -5 -2 -9 2 -2 -3 -5 -2 -9 2

L7e03o T, [1,4],[3,1; 2], [4,1; 2] DIATIT ), D FES AIRE, 72 & ZU0E, (1,45 2], [3,4; —2], [1,4].

16. Find a 4 x 4 matrix T" obtained by three row operations above satisfying TB = C.
Soln. HAZATHNIC, EOMEFRER THAZL 2 it X X v,

1000 0001 000 1 000 1
0100 140100 3B1;-22({010 0]|@4122({010 O
0010 0010 001 -2 001 -2
0001 1000 100 O 100 2

17. Find the inverse of the matrix A above.

Soln.
010100] 121001 12100 1
[AIl=|243010|—-(010100|—=]01010 0
121001 | 243010 00101 —2
101 -20 1 (100 -2 -1 3 2 -1 3
—-1010 10 0|—]010 1 0 0f,Atl= 1 0 0
001 01 -2 001 0 1-2 0 1 —2

18. Suppose the matrix B above is an augmented matrix of a system of linear equations with
unknowns x1, X2, 3, T4, 5. Find the solutions of the system.



Soln. B—»——C 06 C 2EEd %,

1241 4 -1 1241 4 -1 10 -2 1 6 —1
0130-1 0 0130 -1 01 30-1 0
C: — — —
0001 5 2 0001 5 2 00 01 5 2
0130-1 0 0000 O 00 00 0 O

(
r] = 258 —1t—3,
10 -20 1 -3 — _3e4t
01 30 -1 0 2= el
, r3 = s, free,
00 01 5 2
ry = —5t+2,
00 00 0 O
rs = t, free.

19. Solve the following differential equation with initial condotion for y = f(x).

dy
I = 2 = 32 0) = £(0) = —3.
y'= =3y, y(0)=f(0)

Soln. Proposition 7.4 Z 5%,

P g2, BT _h(@) o _1
y = 3zy Ty g(y),h() 3z%, g(y) "

h(z) DRSO 21, 23, g(y) DEIBEED 2% log|y| 775
logly| =2+ C, y = C'e”, =3 =y(0) = C".
3

L7D3> T, y=—3e"".

20. (a) Find aG when a = [1,0,1,1].

aG = [1,0,1,1]

0
0
) =1,0,1,1,0,1,0].
0

S O O
S O = O
_ o o O
—_ = = O
= O
= e

(b) Suppose ¢ = [1,0,0,1,1,1,1] received after at most one position is changed by an
error. What is the original code ¢ in this case?

c/H=11,0,0,1,1,1,1]

— = = = O O O
= = O O = = O

1
0
1
0| =10,0,1].
1
0
1

EoT, 1B/BHIEDOLS>TLES> TR LEEZ LI [0,0,0,1,1,1,1] &% 5,



