[ ]
Quiz 1
ID#: Name:
Let p, ¢ and r be statements, and z, y and z compound statements of p, ¢ and r. Let

s==(p=(qVr)), t=p@E=>qgVr

1. Complete the truth table of s and t. Clarify the columns of the truth values of the

statements.
plalr]l- = @V )= 9V rlz|ly|z]
T\ T|T T|F|F
T|T|F T|F|F
T | F|T T | F|T
T|F|F T|F|F
F\T|T T|F|F
F|\T|F F\T|T
F|\F|T T|F|F
F|F|F T|F|F

2. Choose the correct one.
(a) s=t (b) s =t (c) Neither (a) nor (b).

3. Express s = —(p = (¢ V r)) using -, A and parentheses only. Show work or give a brief
explanation.

4. Fill each underlined blank with —, A or V to express x, y and z in the truth table above.

There may be voids.
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Message: What is your dream? Describe your vision of yourself and the world 25 years from
now. FERDE, 25 FEHDHTIZOWT, HFEIZOWT, (If you don’t want your message to be
posted, write “Do Not Post.” THP #§##A 1], (ZHFDFH, )



Solutions to Quiz 1

Let p, ¢ and r be statements, and z, y and z compound statements of p, ¢ and r. Let
s=-(p=(qVr)), t=@p@=qVr

1. Complete the truth table of s and t. Clarify the columns of the truth values of the
statements.

|

plalr]- = (@ v )= 9 v rlz]y]=
T\r\T\F T T T T T|T T T T T|T|F|F
T\T\F\F T T T T F|T T T T F|T|F|F
T\F\T\F T T F T T|T F F T T|T|F|T
T\F\F|\T T F F F F|T F F F F|T|F|F
W7\ \F F T T T T|F T T T T|T|F|F
F|\T\F|\F F T T T F|F T T T F|F|T|T
rF\F\T\F F T F T T|F T F T T|T|F|F
rFW\F|\F|\F F T F F F|F T F T F|T|F|F
2. Choose the correct one.
(a) s=t (b) s =t (c) Neither (a) nor (b).

3. Express s = —(p = (¢ V r)) using -, A and parentheses only. Show work or give a brief
explanation.

Solution.

s = =(p=(qVr))
= —(-pV(gVr))  Problem 1 (f) in Handout
= (-p)A-(gVr) Problem 1 (e)
= pA(mgA-T) Problem 1 (a), (e)
= pA-gA-T Problem 1 (c).

Solution 2. Since the truth value of s is T" only when the truth values of p, ¢, r are T, F, F,
i.e., the truth values of p, =g, —r are T, T, T, we have

S=pA-gNr.

4. Fill each underlined blank with —, A or V to express x, y and z in the truth table above.

There may be voids.

X



Quiz 2
ID#:

Let [4, j; cl, [4, j], [¢; ¢] be the following elementary row operations. (1) [i, j; c]: Replace row i
by the sum of row i and ¢ times row j. (2) [7, j]: Interchange row i and row j. (3) [; ¢]: Multiply
all entries in row ¢ by a nonzero constant c.

Name:

We applied elementary row operations to the augmented matrix A of a system of linear
equations.

1 -2 00 -3 0 2 1 =200 -3 0 2
4_| 5 1030 3 -6 20| @ |0 0 30 18 -6 -30| @
0 0 20 12 -3 -15 0 0 20 12 -3 -15
-1 2 01 -2 0 —1 | -1 2 01 -2 0 -1
1 =200 -3 0 2 ] (1 -2 00 -3 0 2
0 10 6 —2 -10| © [0 0 10 6 -2 —10
0 0 20 12 -3 -15 0 0 20 12 -3 -15
-1 2 01 -2 0 —1 | (000 01 -5 0 1

1. Write elementary row operations at (a), (b), (c¢) in the form [i,j;¢c], [¢, j], or [i;¢]. (For
example, (a) [17273]7 (b) [172}7 (C) [17 _2]>

(a) (b) (c)

2. Find the reduced echelon form of A by applying elementary row operations to the fourth
matrix above. Show work!

3. Find the rank of the augmented matrix A of the system of linear equations, and the rank
of the coefficient matrix C.

(a) rank A = (b) rank C' =

4. Find the solutions assuming that x1, xo, x3, x4, T5, T¢ are the unknowns.

Message: What is most precious to you? H77:12 &> T—HFlcwEo% (F1F, ZwE-oIicL
72wv) D, ZEIERATT S, (If you don’t want your message to be posted, write “Do Not
Post.” "HP #&#AA]y (ZBHELOH,)



Solutions to Quiz 2

Let [i,7;¢], [4, j], [4; ] be the following elementary row operations. (1) [4, j;c|: Replace row i
by the sum of row ¢ and ¢ times row j. (2) [4, j]: Interchange row ¢ and row j. (3) [i; ¢]: Multiply
all entries in row 4 by a nonzero constant c.

We applied elementary row operations to the augmented matrix A of a system of linear
equations.

1 -2 0 0 -3 0 2 ] 1 -2 0 0 -3 O 2
A - 5 =10 3 0 3 -6 -20 (@) 0 0 3 0 18 —6 -30 (b
o 0 0 2 0 12 -3 -15 0 0 2 0 12 -3 -15
-1 2 01 -2 0 -1 | | -1 2 01 -2 0 -1
1 -2 0 0 -3 0 2 ] [1 -2 0 0 =3 0 2
0 1.0 6 -2 -10 JOR 0 0 1 0 6 -2 -10
0 0 2 0 12 -3 -15 o 0 2 0 12 -3 -15
-1 2 01 -2 0 -1 | (000 01 =5 0 1
1. Write elementary row operations at (a), (b), (c¢) in the form [i, j;c], [4, ], or [i;¢]. (For

example, (a) [1,2;3], (b) [1,2], (c) [1;—2].)
@ [2,1:-5] m)| [2:1/3] @] [411]

2. Find the reduced echelon form of A by applying elementary row operations to the fourth
matrix above. Show work!

1 -2 00 -3 0 2 1 -200 -3 0 2
000 10 6 -2 -10| Bz2 [0 0 10 6 -2 —10 B4
0 0 20 12 -3 -15 00 00 0 1 5
(000 01 -5 0 1 | 00 01 -5 0 1
(1 2 00 -3 0 2 ] (1 -2 00 -3 0 2
000 10 6 =2 -10| ez [0 0 1 0 6 00
00 01 -5 0 1 0 0 01 =5 0 1
(000 00 0 1 5 | (00 00 0 15

The thirs matrix is not in reduced row echelon form as it does not satisfy condition 4.

3. Find the rank of the augmented matrix A of the system of linear equations, and the rank
of the coefficient matrix C.

Solution. The rank of a matrix is the number of nonzero rows in the reduced row echelon
form of the matrix. The coefficient matrix is the matrix obtained from the augmented
matrix by eliminating the last column.

(a) rank A =4 (b) rank C =4

4. Find the solutions assuming that x1, x2, x3, x4, T5, T¢ are the unknowns.

Solution. Since rank A = rank C = 4, this system is consistent. In this case there are 6
unknowns, we need 2 = 6 —4 = 6 —rank A free parameters. Since the second and the fifth
column in the coefficient matrix do not have leading one’s, we set o = ¢, x5 = u to be free

parameters.
ry = 2t+3u+2
1'1—21'2—3375 = 2 o = t
z3+6xs = 0 ) rs = —b6u
Ty —d5r5 = 1 e = du-+1
Tg = O Ts = U
Tg — 5.
If the matrix is in reduced echelon form and parameters are taken properly, x1, xo, ..., xg

can be expressed by the sum of a constant and scalar multiple of parameters.



Quiz 3
H

ID Name:
2 1 -5 x 1 21 -5 1 00
A=]110 3 |, z=|y|,b=|1|,C=|10 -3 010
4 2 11 z 1 4 2 —-11 0 0 1

Let A, x, b and C be as above, where C = [A, I]. We will find the inverse of A.

01 1 1 =220 10 -3 0 1 O
c—-Ci=|10 -3 01 0|—=Co—=C3=]01 1 1 =220]|—=---
4 2 =11 0 0 1 02 1 0 —41

The matrices Cy, Co and C3 are obtained from C', C; and (5 respectively by applying an
elementary row operation once. Let S, T' and U be 3 x 3 elementary matrices satisfying SC' = C1,
T01 = 02 and UCQ = 03.

1. Find the inverse of S.

2. Find the product UT of matrices U and T

3. Find the inverse A~1 of A.

4. Suppose Ax = b. Find z,y, z using the inverse of A.

Messages: Anything that made you rejoice, sad or angry, or you are thankful of recently? il
ETHE Lo (BEHILTw?) 2L, Lo/l s, BoTw3Z L, (If you don’t want
your message to be posted, write “Do Not Post.” T4 — A X—=JHEHEAT ) FHGEDOZ &)



Solutions to Quiz 3

-5 1 0 0
-3 0 10
—-11 0 0 1

2 1 -5 x 2 1
A=|10 -3 |,z=|y|,b= ,C=1]10
4 2 —11 2 4 2

1
1
1
Let A, @, b and C be as above, where C = [A, I]. We will find the inverse of A.

01 1 1 -2 0 10 -3 0 1 O
4 2 —-11 0 0 1 02 1 0 -4 1

The matrices C7, Co and C3 are obtained from C, C7; and Cs respectively by applying an
elementary row operation once. Let S, T and U be 3 x 3 elementary matrices satisfying SC = Cf,
T01 = CQ and UCQ = 03.

Solution. The elementary row operations applied are [1,2;—2], [1,2] and [3,1;—4]. The
second and the third can be [3,2; —4] and [1,2]. Therefore, S = E(1,2;—-2) and T = E(1,2)
and U = E(3,1;—-4). (Or, T = E(3,2;—4) and U = E(1,2).)

1. Find the inverse of S.

Solution.
1 20
ST'=E1,2,-2)'=F(1,2;2)=]0 1 0|, or
0 0 1
1 -2 0100 1 0 0 1 0
[S,I]=[F(1,2;,-2),I]=10 1 001 0|—=/[010010]|=I[E®1,22)].
0O 0 1 0 01 001001
2. Find the product UT of matrices U and T.
Solution.
1 00 010 0 1 0
UT'=E(3,1;-4)E(1,2) = 0 1 0 1 00(=|1 0 0]|=EFE®1,2E(3,2;—4).
-4 0 1 0 01 0 -4 1
Note that the UT is the same for both cases.
3. Find the inverse A~! of A.
Solution. C' — C3 —
10 -3 0 1 0 10 -3 0 1 0 1 06 1 -3
o011 1 -20|—]01 1 1 -2 0 |—-(01T11-2 0]|=—
00 -1 -2 0 1 00 1 2 0 -1 0 12 0 -1
1 0 0 6 1 -3 6 1 -3
010 -1 -2 1 |=[,A7'). Hence, A'=| -1 -2 1
001 2 0 -1 2 0 -1

Corresponding elementary row operations applied to Cs are [3,2; —2], [3; —1],[1, 3; 3], [2, 3; —1]
in this order.
4. Suppose Ax = b. Find z,y, z using the inverse of A.
Solution. Since £ = Iz = A~' Az = A~'b, by multiplying A~! to b, we have the following.
x 6 1 -3 1 4 x = 4,

x=|y |=A"b=| -1 -2 1 1|=]-21],0 v = -2
2 2 0 -1 1 1 z = 1



Quiz 4
ID#: Name:

Let f(x) = 22% — 322 — 202 + 38.

1. Find a polynomial ¢(z) and a number r satisfying f(z) = q(z)(x — 2) + . Show work.

2. Find a,b, ¢, d satisfying f(z) = a + b(z — 2) + c¢(z — 2)? + d(x — 2)3. Show work.

3. Find a polynomial Q(x) of degree 3 such that Q(2) =0, Q(3) =1, Q(4) =0, Q(5) = 0.

4. Let h(z) = a(x —3)(x —4)(x = 5) + b(x — 2)(x —4)(x — 5) + ¢(z — 2)(z — 3)(z — 4) +
d(x—2)(x—3)(z—>5). Find a,b, ¢,d when h(2) =12, h(3) =1, h(4) = —2, h(5) = 6. Show

work.

5. Find a polynomial of degree 7 satisfying ¢(2) = 12, ¢(3) =1, g(4) = -2, g(5) = 6.

Messages: What kind of adult is admirable? What is admirable about children? A 7%E &
BN TT D, ZEDDHIITTL & 9, (If you don’t want your message to be posted,
write “ Do Not Post.” THP #8#A) (GO HE, )



Solutions to Quiz 4

Let f(x) = 22% — 322 — 20x + 38.

1. Find a polynomial ¢(z) and a number r satisfying f(z) = q(z)(x — 2) + . Show work.
Solution. Applying synthetic division

2] 2 -3 —20 38

4 2 —36
2(ca) 1(c1) —18(cp) 2 (r)

q(x)2021?24‘0133—’-00:2:62—1—%—18, r=2.

2. Find a, b, ¢, d satisfying f(x) = a + b(z — 2) + c(x — 2)? + d(z — 2)3. Show work.
Solution. By synthetic division below, a =r =2,b= —-8,¢=9,d = 2.

2 2 1 —18
4 10
2 2 5 —8(b)
4
2(d) [ 9(c)
202+ — 18 = (22 +5)(z —2) -8, 2z +5=2(z — 2) +9.
f(x) = 22° 327 200 +38= (22" + 2 —18)(x — 2) +2

= (2z+5)(xz—-2)=-8)(z—2)+2=(2(x—-2)+9)(x —2) = 8)(z —2) +2
= 2-8x—2)+9(x—2)%*+2(z—2)>

3. Find a polynomial Q(z) of degree 3 such that Q(2) =0, Q(3) =1, Q(4) =0, Q(5) = 0.
Solution.

1 11 ,

Q(x):(( — 3_ <:;($—2)(I—4)(33—5):2:c3—21’ -|-19:1:—20>.

4. Let h(z) = a(z —3)(z —4)(x —5) + b(x — 2)(x — 4)(x — 5) + ¢(x — 2)(x — 3)(x — 5) +
d(x—2)(x—3)(z—4). Find a,b, ¢,d when h(2) =12, h(3) =1, h(4) = —2, h(5) = 6. Show

work.

Solution. 12 = h(2)=a(2-3)(2—-4)(2—-5) = —6a, a= -2,
1 = h(3) =b(3—2)(3—4)(3—5) =2, b:%,
L9 = B = e(d—2)d-3)d—5) = -2, c—1
6 = h(G)=d5-2)(5-3)(5-4)=6d, d=1

5. Find a polynomial of degree 7 satisfying ¢(2) = 12, ¢(3) =1, g(4) = -2, g(5) = 6.
Solution.
g(z) = h(z)+a’(z—2)(z-3)(z —4)(z - 5)
3(x —2)(x — 3)(x — 4)(z — 5) — 2(x — 3)(x — 4)(z — 5)

%(I — )z —4)(z—5) + (z — 2)(z — 3)(z — 5) + (z — 2)(z — 3)(z — 4).



Quiz 5
H

ID Name:

1. Find the limits of the following. If there is no limit, or diverge, briefly explain why. Show
work!

( ) I 2n — 3n?
c) lim
n—oo 1 — 2n + 2n2 — n3

22 4+x—3
lim ———

a2 =22 -3

(e) lim —p—5—
22—z +3

f) Ilm ————
() 1711%1‘2—‘1-1}—3

2. Find the limit of the following. Show work.
i —z* 4 1123 — 412% 4+ 572 — 18
im
z—3 x3 — Tx? + 152 -9

3. Let f(z) = q(z)(x — 3) + 5, where ¢g(z) is a polynomial. Suppose f(0) = —2. Explain that
there is ¢ (0 < ¢ < 3) such that f(c) = 0.

Message: ICU aims to nurture trustworthy global citizen. What do you think is the key? ICU
i MBEINAMIRTTRZE L) ZE2HBEL 09, #IIM2Z L BvE 42, (If you don't
want your message to be posted, write “ Do Not Post.” I — 2L R—Hg#HAT] ) D54 13BHGE
DT t,)



Solutions to Quiz 5

1. Find the limits of the following. If there is no limit, or diverge, briefly explain why. Show

work!
1w (10" o , 10
(a) lim — = lim : Diverge (The limit does not exist.) ’ 9 ‘ > 1.
1—n? -1 1 1\°
(b) lim o = lim 22— = = — 1, lim — = <lim ) = 0.
n—oo 1 4+n n—>ooﬁ-|-1 1 n—oo N n—o0 M
2n — 3n? 2.5 — 35
(c) 7}i—>1201—2:+2:2—n3 = Jim o1 O
n3 n? n
2
) 4)(z—3)+9
(d) lim rAros lim (z+4)(x—3)+ ~ —: Divergent (The limit does not exist.)
—3 T —3 z—3 z—3 0
2—2z-3 —3)+4)(z—3 —3)+4 4 2
(e) lim =22 =8y, =3 FH@=3) _ w=3+d 42

a—3  x2-—9 =3 ((x—3)+6)(xr—3) 2-3(x—3)+6 6 3

2 _ —
(f) lim &= F3 gy, D@ =+9 9
a—=322+x—3 2-3(x+4)(r—-3)+9 9

2. Find the limit of the following. Show work.
—z* 4+ 1123 — 4122 + 572 — 18

i
| 23— 722 + 15z — 9
3] -1 11 -41 57 18 31 -7 15 -9
-3 24 -51 18 3 —12 9
31 s 1 6 [0 31 1 3 [0
-3 15 -6 3 -3
31 5 =2 [0 EIREE
-3 6 3
Tz [4 el
- —a* + 1123 — 4122 + 572 — 18
3 3 — 722+ 152 -9
—x+2)(z — 4)(z — 3)? —x+2)(z — 4 4
_ lim(( z+2)(x—3)+4)(z—3) :hm( z+2)(r—3)+ _4_,
3 ((x —3)+2)(x—3)? a—3 (x —3)+2 2

3. Let f(z) = q(z)(x — 3) + 5, where ¢(z) is a polynomial. Suppose f(0) = —2. Explain that
there is ¢ (0 < ¢ < 3) such that f(c) =0.

Solution. Since f(z) is a polynomial, it is continuous. Since f(z) = ¢(z)(x — 3) + 5,

f(3) = 5. By assumption, f(0) = —2. Since 0 is in between 5 and —2, by Proposition 5.3
(Intermediate Value Theorem) there is a number c in the interval [0, 2] such that f(c) = 0.



Quiz 6
H

ID Name:

1. Find the derivatives of the following functions y = f(x).

1 1

(a) y:5:p5—ﬁ+5\5/5, (x > 0).
e’ —1

b =

() y er 41

(©) y =+ 1)
(d) y=zlogz —z, (z > 0).
2. Find the limit of the following.

er—1—x
im-———->——.
2—0 12 + 23 + 24

3. Suppose f(x) is differentiable, g(z) = f'(z) = 3 — 42 + 52 — 2 and f(0) = 2.

(a) Find the equation of the tangent line to the curve y = f(x) at x = 0.

(b) Find the derivative h(x) of g(x), and the derivative of h(z), i.e., find h(z) = ¢'(z) =
f"(x), and ' (z) = f"(x).

(c) Determine whether f(x) is increasing, decreasing, a local maximum or a local mini-
mum at x = 2. State your reason.

(d) Determine whether f(x) is increasing, decreasing, a local maximum or a local mini-
mum at x = 1. State your reason.

Message: To liberate your thinking, to believe and to love. HHHICEET 22 & - EL 52 ¢ - &
T 52 EIZDOWT, (If you don’t want your message to be posted, write “Do Not Post.” [4H—
LAAR—=VEEAT) OBGIEHEOZ L,)



Solutions to Quiz 6

1. Find the derivatives of the following functions y = f(z).

1 1 5 1 _ 1
(a) y:fx5—ﬁ+5\”f:5:n5—x 5+51‘é,(w>0).

5

5 1
y/:x4+5x_6+x_% :x4+—6+ : (%) = ax®1)
T :1:4
(b) y = e’ —1 ) = er(e®+1)— (e® —1)e” _ 2
er +1’ (e 4+ 1)2 (e* 4+ 1)%°

()
(d)

y= (> +1% o =502+ 1?4+ 1) =50(2 + 1)"(22) = 100z (2> 4 1)%.

1 1
y==xlogzr —x, (x>0). oy =logx+z-——1=logu. <(logm)’:).
x x

. Find the limit of the following.

er—1—=x . et —1 e’ 1

1. 7:1 —:1‘ _ = —,
xlg(l)a:2+:c3+x4 xlir(l)2x+3:1:2+4:1;3 x%2+6$+12372 2

(a)

(b)

. Suppose f(z) is differentiable, g(x) = f'(z) = 23 — 42% 4 52 — 2 and f(0) = 2.

Find the equation of the tangent line to the curve y = f(z) at x = 0.
Solution. Since f(0) =2 and f'(0) = —2, the equation of the tangent line is:

y=f0)+ f'(0)(z —0) =222 = —2(z — 1).

Find the derivative h(z) of g(x), and the derivative of h(z), i.e., find h(z) = ¢'(z) =
f"(z), and W'(z) = f"(x).
Solution.

f"(x) = h(z) = 32> =8z +5, f"(z)=h(z)=6x—S8.
Determine whether f(x) is increasing, decreasing, a local maximum or a local mini-
mum at x = 2. State your reason.

Solution. By the calculation below using synthetic division, f’(2) = 0 and f”(2) =
1 > 0. Hence by the second derivative test, f(x) is a local minimum at x = 2.

2|1 -4 5 -2 2/ 3 -8 5
2 -4 2 6 —4

1 -2 1 [0 3 -2 |1

Determine whether f(x) is increasing, decreasing, a local maximum or a local mini-
mum at x = 1. State your reason.

Solution. By the calculation below using synthetic division, f’(1) = f”(1) = 0 and
/(1) = 6 -8 = —2 < 0. Hence by the second derivative test, f’(z) has a local
maximum at © = 1 with f/(1) = 0. Hence f'(z) < 0 near x = 1 and f(z) is
decreasing.

11 -4 5 -2 1] 3 -8 5
1 -3 2 3 -5
1 -3 2 |0 3 =5 [0

Another Solution. Since (1) < 0, f"(z) is decreasing near z = 1 and f”(1) = 0.
Hence if = is near 1 and z < 1, f”(x) > 0. Similarly, if z is near 1 and =z > 1,
f"(z) < 0. Therefore, f'(x) is increasing when z is near 1 and x < 1 and decreasing
when x is near 1 and x > 1. Since f'(1) =0, f'(z) < 0 when z is near 1 and f(x) is
decreasing



Quiz 7
ID#: Name:

2

1. Find the derivative of f(z) =e™*".

2. Find F'(x) when F(z) = / te~dt.
0

1
3. Evaluate the definite integral / ze " dz.
0

4. Compute the following.

(a) /(3m5 — 223 + 2% — 1)dz

(d) / (52 +1)7dz

(e) /1 (t+1)3dt

-1

5. Let y = f(x). Solve the following differential equations.

(a) ¥/ = =5, y(0) = 10.

Y

(b) y' = 15+ ¥(0) = 10.

Message: What you want to learn, pass on to others, a tradition to follow. #UO7z\2Z & « 32
JHEE 72wt - fE272 w2 & (If you don’t want your message to be posted, write “Do Not
Post.” T4 — A= WA, OHEAEYEOZL,)



Solutions to Quiz 7

1. Find the derivative of f(z) = e~2".
Solution. By Chain Rule,

2. Find F'(x) when F(z) = / te~dt.
0
Solution. By FTC,

1
3. Evaluate the definite integral / ze " da.
0

Solution. Since (e=") = —2ze*",

1 1
1 1 1 1 1
/ ze ¥ dy = —/ —2xe " dy = —= [e‘xﬂ =——(et=1)=2
0 2 /s 2 2

4. Compute the following.

3 2 1
(a) /(31‘5 — 223 + 2% — 1)dz = ——a5H! By = x4 C

541 341 2+ 1
1 1
- .6 -4 It
—233 2:c +3x x+C.
12 1 1
(b) /( 7+2\/5)dx:/(12x7+x1/2)dx
12 71 1 +1 6 3 2 1 3
= C=-2 C=——+- C
o 1” +2(%+1)x2 + R 6+3(\/5) +

1 1
Dide=— [ 4 1)7de = — 1%+ C.
(d) /(596—1- ) dx 40/ 0(5xz +1)"dx 40(5x+ )"+ C

1

(o) /1 (t+ 13dt = B(t—l— 1)4} - 324 _y

—1 —1
5. Let y = f(x). Solve the following differential equations.
(8) ' = =, y(0) = 10,

107
L, L o,
Yy = %x + C, 10 =y(0) = C. Hence, y = %x + 10.

(b) ' = 15, y(0) = 10

10

% = % Hence, /;dy = 1—10d$
Therefore,
log |y| = ix +0C, y=eCeio
10

Since y(0) = 10, ¢ = 10.



